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Abstract

We consider certain finite sets of circle-valued functions defined on intervals of real
numbers and estimate how large the intervals must be for the values of these functions
to be uniformly distributed in an approximate way. This is used to establish some
general conditions under which a random construction introduced by Katznelson for
the integers yields sets that are dense in the Bohr group. We obtain in this way very
sparse sets of real numbers (and of integers) on which two different almost periodic
functions cannot agree, which makes them amenable to be used in sampling theorems
for these functions. These sets can be made as sparse as to have zero asymptotic density
or as to be t-sets, i.e., to be sets that intersect any of their translates in a bounded
set. Many of these results are proved not only for almost periodic functions but also
for classes of functions generated by more general complex exponential functions,
including chirps or polynomial phase functions.
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1 Introduction

Many sampling processes depend on choosing a sampling set on which the functions
to be sampled are uniquely determined. In the case of almost periodic functions on
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R, sets with that property admit a neat topological description: they are precisely
those subsets of R that are dense in the Bohr topology. A clear separation between
consecutive samples is another natural prerequisite, and, for this reason, sampling sets
are usually required to be uniformly discrete. Although Bohr-density and uniform
discreteness might seem conflicting requirements, they are not totally incompatible:
Bohr-dense sets can be not only uniformly discrete but even quite sparse, as we next
describe.

Collet [7] (see also Carlen and Mendes [6] for a similar approach to functions that
can be approximated by polynomial phase functions) proved that a random selection of
points in regularly spaced time-windows almost surely produces a set that is uniformly
distributed in the Bohr compactification, hence is dense in the Bohr topology (see the
section below for unexplained terms), and whose asymptotic density is as small as
desired.

Motivated by a different sort of problem, Katznelson [13] devised a method that
almost surely produces subsets of the group of integers Z with asymptotic null density
which are dense in the Bohr topology. These constructions were further developed in
[11, 14].

In this paper we lay out general conditions for Katznelson’s method to work both
in R and Z for almost periodic functions and, more generally, for function spaces
generated by complex exponentials ¢27/7") with p(¢) running over sets of polynomials
of bounded degree with coefficients in R (usually known as chirps or polynomial phase
functions). Namely, we prove that partitioning R into intervals of increasing length
and then choosing ¢; random points in each partition, with ¢; larger than the order of
the logarithm of the size of the corresponding cell of the partition, we almost surely
obtain a set where these functions are uniquely determined, a set of uniqueness for
them, see Definition 2.1.

The dense sets we obtain, as those in [6, 7, 13], are obtained through the Borel—
Cantelli lemma and might require extremely large intervals to be reliable. Our approach
gives hints on the minimum size a sampling interval must have in order to use our
methods for approximate sampling.

Once our general construction is laid, dense subsets of the Bohr group with specific
properties are easy to obtain. In order to illustrate this, we show the existence of #-sets
that are dense in the Bohr compactification. By a #-set we refer here to a special sort
of thin sets, introduced by Rudin [17], which are sets of interpolation for the weakly
almost periodic functions, see Sect. 5 for more on this.

1.1 Notation and Terminology

Even if most of our results are proved for G = R or G = Z, we find it more convenient
to state the results of Sect. 2 for general topological Abelian groups or for locally
compact Abelian (LCA) groups, depending on whether they involve probabilities or
not. In this latter case probabilities will be computed using the Haar measure Ag of G.
Whenitcomesto G = Rand G = Z, we assume that Haar measures are normalized so
that A is the Lebesgue measure. If I € R is an interval, Ag (/) therefore corresponds
to the length of 1.
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In many of our proofs, we consider a random choice A of, say, £-many elements of
a subset I of a given locally compact group G, and we estimate the probability that A
belongs to a measurable subset A of 7¢ that is invariant under permuting coordinates.
This random choice, and its corresponding probability, is always to be understood in
the probability space induced by A on I¢. Hence for a given A C I°, we have that
P{A: A € A}) = rge(A)/rg(DE.

When it comes to duality, the circle group T has a central role. When a specific
distance on T is required, our choice is the angular distance defined for every ¢, s €
[0, I) by

d, (62””, 627”S) = min{|t —s|, 1 — |t — s|}.
The open ball of radius ¢ and center 1 will be denoted by V, thus:
Y, = {ezni’ eT: |t| < 8] C T.

If G is a topological group, C (G, T) denotes the multiplicative group of continuous
T-valued functions, and G its subgroup of continuous homomorphisms. We refer to
G as the character group of G. Characters of R are denoted by x;, ¢ € R where
Xz (s) = e?iTS foreverys € R. It is a standard fact that the map 7 —— x establishes
an isomorphism that maps R onto R. The same mapping with 7 € Z establishes an
isomorphism which maps Z onto T.

If p(x) is a polynomial with real coefficients, we denote by i, the function
Yp(t) = e2TiP(1) 5o that Yp = X, when p(t) = tt. The symbol &, stands for
the set { e2mip() . p € R,[x] }, where R, [x] denotes the set of polynomials in R[x] of
degree at most n. Functions in €, are known as chirps or polynomial phase functions.

Almost periodic functions were originally introduced by H. Bohr in the seminal
papers [2, 3], and [4] in terms of relatively dense e-periods; however, for our purposes it
is convenient to regard almost periodic functions as functions that can be approximated
by linear combinations of characters (known as trigonometric polynomials). In the next
definition we extend this approach to spaces generated by other T-valued functions;
see [5] or [12] for other definitions, including H. Bohr’s original one.

Definition 1.1 Let G be a topological group. For J € C(G, T), let span(J) denote the
linear span of J in the vector space C (G, C). We define

AP3(G) = span(3) .

When J = G we obtain the space of almost periodic functions on G, and we simply
denote it by AP(G).

The topology that almost periodic functions induce on a group is known as the Bohr
topology. This is the topology the group inherits from its embedding in erg Ty,
with T, = T for every yx, given by ¢ —— (x(g)), for every g € G. The closure
G* of Gin[] yeG Ly 1s known as the Bohr compactification of G and can also be
identified with the spectrum of AP(G) when AP(G) is viewed as a Banach algebra.
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A bounded and continuous function f on G is almost periodic precisely when it can
be continuously extended to a function f? € C(GA7). Therefore if D is a discrete
subset of G that is dense in GAfP, then there is at most one almost periodic function
f on G that fits any values that were preassigned on D.

We next define the sort of almost periodic functions that are most suitable for our
sampling methods, the functions with summable Bohr—Fourier series.

Definition 1.2 Let G be a topological group and J € C(G, T). We define

A3(G) = {Z%(p: > e, | < oo}.

ey pey

The natural isomorphism between the Banach algebra ¢;(J) and A3(G) defines a
norm on this latter space. We denote this norm by || - || 4.

When J = @, A3(G) can be identified with the Fourier algebra A (G™7) (as defined,
for instance, in [18, Section 1.2.3]) on the Bohr compactificaction G"? of G. Note
that A3(G) may be strictly contained in AP5(G), see [18, Theorem 4.6.8]; the result
is originally due to Segal [19].

If X is a set, a subset A C X is an n-subset if its cardinality is n € N. A subset D
of a metric space (X, p) is e-dense if for every x € X there exists dy € D such that
p(x,dy) <e.

2 Approximately Bohr-Dense Subsets

We aim to construct sets where particular families of functions are uniquely deter-
mined.

Definition 2.1 Let A be a subset of a topological group G, and let .4 be a vector
subspace of C(G, C). We say that A is a set of uniqueness for A if whenever f € A
satisfies f}A =0, then f = 0.

We first consider sets of approximate uniqueness.

Definition 2.2 Let G be a topological group. Fix I € G and J € C(G, T). The subset
A C lisan (3,1, ¢)-sampling set if for every f € Az(G),

1711l = & 1 0as + [ f[all oo -

The following sets contain enough elements to approximate the values of a given
family F of functions in C(G, T).

Definition 2.3 Let G be a topological group. Fix F € C(G,T),I € G and ¢ > 0.

The subset A C G is an (F, I, ¢)-matching set if for every a € I there exists x, € A
such that ¢ (x,) € ¢(a) - V. forevery ¢ € F.
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The notation below provides a compact expression of the property defining matching
sets.

Definition2.4 For/ C G,a € G, A C C(G,T) and ¢ > 0, we define

(1) N®(1,e) ={¢p € C(G,T): ¢(I) €V}, and

) N9(A,e,a) ={t € G: ¢(t) € p(a) -V, forall¢p € A}. For a = 0 we write
NY(A, e).

Observe that N(A, e,a) = a+ NJ(A, &) in case A consists of homomorphisms. In
these terms, the subset A € G is an (F, I, &)-matching set ift ANN<(F, e, a) # @
for every a € I. We now see that matching sets, even when slightly thickened, are
sampling sets.

Proposition 2.5 Let G be atopological group, A € I € Gandy < C(G, T). Suppose
that there exists F C C(G, T) that satisfies

(1) Aisan (F, I, ¢)-matching set, and
(2 JS F-N>(,e).
Then A isa (3, I, (6 + 2)¢e)-sampling set.

Proof For f € A3z(G), let (qu)’}:l C J and (Olj)7:1 C C be such that ||f —
Z'}Zlajqﬁj”w < &+ [ flla,- Letz € I be fixed. Given that J € F - NP (1, ¢),
we can choose ¥; € Fandk; € N” (I, ¢) withp; = - kj. Since kj € N¥ (1, ¢)
implies |«;(z) — 1| < 2me, we obtain

n

<Y eyl ¥ @) - k@) — 1] < 2me - || £llay-

j=1

D i) =) v
j=1 j=1

On the other hand, since A is an (F, I, ¢)-matching set, there exists x, € A such that
Y(x;) € ¥(z) - Ve forevery ¥ € F. Hence

<Y eyl Y@ = ¥ (x)| < 2me - (| fllay-

j=1

n n
Zaﬂﬁj(z) - Zaﬂ/fj(xz)
j=1 j=1
Therefore, from

lf(@)] < +

f(Z)_Zaj¢j(Z) Zaj¢j(Z)—Zaj1/fj(Z)
=1 j=1 =1

D @) = D v )|+ | D ) — Y e
Jj=1 Jj=1 Jj=1 Jj=1

D i) = fFa)|+1F G
j=1
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we obtain

[F@I <& Iflag +2me - | fllag + 27 - | fllag + 26 - [ Fllag +6 - 11 Fllag
[ flalloo = 67 +2e 17ty + [ £ oo -

]

As may be expected, Proposition 2.5 yields density results when applied to all finite
subsets of a concrete subspace of C(G, T).

Corollary 2.6 Let G be a topological group, J € C(G, T) and A < G. Suppose that
A is an (F, G, g)-matching set for every finite subset F C J and every ¢ > 0. Then
A is a set of uniqueness for AP5(G).

Proof Let f € AP3(G) with f|A = 0,and let 0 < ¢ < 1 be fixed. Find a J-
trigonometric polynomial Py = Z;:l a;vy;, with (ozj)?:l C Cand (l/fj);f: cJ,
such that || f — Py|| < &. This implies that | Py|, | <& Withd =¢/>}_ |a;l
and F = {1, ..., ¥, }, we obtain from Proposition 2.5 that A isan (F, G, (6 +2)¢)-
sampling set. Given that Py € Ar(G), we have as a consequence that

n
1Pflloc < (67 +2)8 - Y lajl +6 < (67 +3)e.
j=1
Since || f — Pylloo < &, we deduce that || f]loc < (67 4+4)e. We conclude that f = 0,

for ¢ was arbitrary. O

In the case of almost periodic functions, every continuous function on GA7? coincides
with an almost periodic function on G, and we obtain therefore that A is dense in
GA7.

Corollary 2.7 Let G be an Abelian topological group and A C G. Suppose that A is

an (F, G, ¢)-matching set for every finite subset F C G and every ¢ > 0. Then A is
a set of uniqueness for AP(G). In particular A is dense in G*7.

Proof The only difference with Corollary 2.6 resides in the density statement. The
Gelfand representation identifies AP(G) with C (GA?, C).If A is not dense in GA?,
by Urysohn’s lemma there would be a nonconstant function f: GA7 — C that
vanishes on A, which is impossible since f is determined by its values on A. O

To be able to cover simultaneously the cases of R and Z, we state our next results
in the context of locally compact groups with Haar measure.

Our next objective is to estimate the probability of selecting a set that is an
(F, {a}, &)-matching set for a fixed a € G.

We start by introducing some notation.

Definition 2.8 For I € G,n € N, a € G, and ¢ > 0, we define

Brane={F SCG,T): |Fl=nandig (NV(F,e,a)N 1) > e"rg(I)}, and
Brne={F SCG.T): |Fl=nandrg (NI(F,e,a)N 1) > e"rg(I) foralla € G}.
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The sets Pr 4.0, are formed by n-subsets of C(G, T) whose elements are functions
¢ that map some point of [ into ¢ (a) - V. with probability at least &”.

Definition 2.9 Let G be a locally compact Abelian group, I € G and a € G. For
A € C(G,T), n, £ € N,and ¢ > 0, we define Ay A n.¢ce.1 to be the set of all
£-subsets A C [ such that, for every F' C A with F € By 4.,

ANNY(F,e,a) # 2.

The set Ay A n.e.e.1 18 made of all the £-subsets of I containing some point that is
mapped by all functions ¢ € F C A into ¢(a) - V.. In what follows, we regard the
sets Ay A .n.0.¢.1 s events in the probability space determined by the restriction of A ;¢
to I*, see the remarks at the beginning of Sect. 1.1.

The sets Br.a.n.e and A, A n.e.e.1 are tailored to facilitating these estimates, as the
following lemma shows.

Lemma 2.10 Let I € G be a subset of positive Haar measure, and let A C C(G, T)
be an N -subset. Consider as well a € G, € > 0, and n € N. Then

P anee) = () 0= = (55) (-en”

n

Proof The second inequality is a well-known estimate of binomial coefficients. For
the first inequality, we observe that

‘AZ,A,n,K,s,I = U{[(Nq (F,e, a)ml)c]/Z cFCAFe f~]31,a,n,a},

where P([ (NI (F,e,a)N I)c ]Z) < (1 —&"¢ since Ag((N<(F,e,a)N I)c) <

A (I)(1 — &™) for every F € B/ 4.n.c. The inequality follows because there are (2’)
n-subsets of A. O

In the following definition, we introduce the events B, o ¢+ ,¢, 1+ Which correspond
to the determining sets we are constructing.

Definition 2.11 Let G be an LCA group, and let I* = ([y)ien and A* = (Ag)keN
be sequences of subsets of G and C(G, T), respectively. Let as well a sequence £* =
(Ur)ren of positive integers, a € G, n € N, and ¢ > 0 be given. We define the event

By, A% n 0% 6,1+ = {(Ap)ken : There existsN € N such that Ag € Ay apn,ep.61, fork > N} .

We now estimate the probability of the events B, a* n. ¢+ ¢ 1+ regarded as events in the
probability space [ [ ,f ¥, where each factor is assumed to carry the probability mea-
sure induced by the restriction of the Haar measure on G*. It then follows that given
a sequence of intervals (I )xen and a sequence (Ag)xen of finite subsets of C(G, T),
a randomly chosen sequence of ¢;-subsets of the I;’s belongs to B, ax n ¢+ 1+ With
probability one as long as the growth of ¢ is large enough (where “enough” is con-
trolled by log k and the cardinality of the Aj’s).
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Lemma 2.12 Consider the sequences

(1) I'* = (Iy)ken, with I, € G of nonzero Haar measure,
2) A* = (Apken, with Ay € C(G, T) and L := |Ar| < oo, and
(3) € = (li)ken S N.

Letn € Nand e > 0. If there are y > 0 and ko € N such that

—nlog L —(1+ ) logk
—nlogly U +y)logk 2.1)

en log(1 — &™)
for every k > kg, then P (Bu,A*’n,g*,g,I*) = 1 foreverya € G.

Proof Since all indices except k are fixed throughout the proof, we denote by Ay the set
Aa,apn.tp.e.1, and for k' € N we identify the set Ay with the subset [ [, Xx < [, I,f"
defined by Xy := Ay and A} := I,f" for k # k’. Note that the probabilities of the
event Ay in the probability space [, I,f" and in I,f,"/ coincide.

Using this identification, we have that

Ba, a* et e 1% = U m Ay = lim sup Ay.
NeNk>N

We now see that IF’(BZ’A*’M*’S’I*) = 0. In fact, it follows from Lemma 2.10 that

reay= £ (5 - = G-

k>ko k>k k>ko

nloeli 4 g > o2k 4 gy and by (2.1) we

Since log(1 — &) < —&", we obtain Tog(1—¢")

get

—nlo; — logk
SR < (9) Y a-enTF < 3 [(1 —eﬂ)m] o
n

k>ko k>ko k>ko

which s a convergent series of the form 3, x1°2k with |x| < % The Borel-Cantelli
lemma then implies

]P)(BZ,A*,H,Z*,S,I*) = ]P) ((llm sup Ak)c) =

as required. O

3 Matching Intervals and Characters

In this section G = R or G = Z. Recall that for p € R[x], ¥,(¢) = i and for
T € R, x¢(x) = ¥iTX,
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Definition 3.1 ([8, Definition 2.74]) Let x: [0, +00) — R” be a continuous function.
The continuous discrepancy of X in [0, T] is defined by

1t 27ix(t)
T/(; IV (6 ) dt — )"T” (]/)

2ix(t)

Dr(x) = sup
Vg']rn

’

where 1y, denotes the characteristic function of the set V, e stands for the vector
(62” i g2 (’)) € T", and the supremum is taken over all rectangles in T"
with sides parallel to the axes.

Definition 3.2 ([8, Definition 2.70 and Theorem 2.75]) A functionx : [0, +00) — R”
is continuously well distributed modulo I ifitis continuous and Tlim Drx(t+1))=0
— 00

uniformly in 7.
We propose the following definition to make our notation lighter.

Definition 3.3 The polynomials {py, ..., pu} € R[x] are strongly linearly indepen-
dent over Q if for each nonzero (hy,...,h,) € Z" the polynomial Z’}Zl hjpj is
nonconstant.

The functions {yp,,...,¥,,} are strongly linearly independent over Q if
{p1, ..., pn} € R[x] are strongly linearly independent over Q.

Let H be a Hamel basis of R over QQ, and let Cy; denote the constant polynomials

with values in H. The polynomials {py, ..., p,} € R[x] are strongly linearly inde-
pendent over Q if and only if the set {p1, ..., p,} U Cg is linearly independent over
Q.

Theorem 3.4 ([8, Corollary of Theorems 2.73 and 2.79]) If {p1, ..., pu} € R[x] are
strongly linearly independent over Q, then the function x: [0, +00) — R” defined by
x(t) = (p1(t), ..., pa(t)) is continuously well distributed modulo 1.

Proof By Weyl’s criterion for continuous well-distribution [8, Theorem 2.73], it suf-

fices to prove that for every nonzero h = (hy, ..., h,) € Z",
1T,
lim —/ P X(HT) g — ), 3.1)
T—oo T Jo

uniformly in 7 > 0.

Let h = (hy,...,h,) € Z" be nonzero. Since the polynomial ¢, (t) =
Z;l':l hjpj(t) is nonconstant, there exist 7o € R and C > 0 such that |¢,(t)| > C
and q,’{ (#) has constant sign for every ¢ > #y. From [8, Theorem 2.79] it then follows
that g, is continuously well distributed, and Weyl’s criterion applied to g;, shows that
(3.1) holds. O

If F is a family of T-valued functions, we are trying to estimate how long an interval
I should be for F to be as likely as expected to send some element of I into a fixed
neighbourhood of T. We next see, as a consequence of Theorem 3.4, that for polynomial
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phase functions generated by strongly linearly independent polynomials, this happens
as soon as the length of 7 exceeds a bound that depends only on the cardinality of the
family and the size of the neighbourhood.

Theorem 3.5 Let F = (Y, ..., ¥p,} where {p1, ..., pa} C R[x] are strongly lin-
early independent over Q, and let y > 0. Then there exists L(F,y) > 0 such that for
every interval I € R with Ar(I) > L(F,y) and every a € R,

AR (N (F,8,a)N 1) > ((28)" — y) Ar(]),

forevery$§ > Owith (28)" —y > 0. Inparticular, F € P , 5 if Ar(I) > L(F, 8" (2" —
1)).

Proof Fixa € Randy > 0.Definex;: [0, +00) = R"byxr(t) = (p1(t), ..., pa(t))
and put, for each § > 0, Vs o =V (@) - Vs x -+ x ¥p,(a) - Vs S T". By The-

orem 3.4 the function x.(¢) is continuously well distributed. There is accordingly
L(F,y) > 0suchthat T > L(F, y) implies Dy (x(t + 7)) < y for every 7, i.e.,

1 (7 .
= / 1y, (&””‘F“*”) dt > 28)" — . (3.2)
0

Letnow I = [19, 79 + L] € R be an arbitrary interval of length L > L(F, y). Taking
into account the definition of Vs 4, inequality (3.2) appliedto v = tpand T = L
implies that

L- (28" —y) <ir({t €0, L]: ¥p,(t + 10) € ¥y, (@) - Vs for j =1,...n})
=Ar (NY(F,8,a)N1).

]

The same argument of Theorem 3.5 with well distributed sequences instead of con-
tinuously well distributed functions can be used for G = Z.

Corollary 3.6 Let F = {{rp,, ..., ¥p,} where {p1, ..., pa} € R[x] have coefficients
in [0, 1) and are strongly linearly independent over Q, and let vy > 0. Then there is
L(F,y) > 0such that, for everyinterval I C Z with|I| > L(F, y)andeverya € Z,

INT(F.8,a)n 1| = ((28)" —y) ],
forevery$ > Owith (28)"—y > 0. Inparticular, F € By »sif|I| > L(F,§"(2"—1)).
To close this section, we consider sets of characters instead of sets of more general
continuous T-valued functions. In this case F € P; 4., ifandonlyif F € P, ., and

therefore we localize our arguments at the identity. For some special sets of characters
F, we can actually find a more concrete bound for Theorem 3.5.
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Theorem 3.7 Let 0 < % <. < % = 1 be a finite sequence of rationals and & €
(O, %).Ifl C Risaninterval withAR(I) > p1--- pp—1,then F :=={xa1,..., X} €

Pl Pn
ml,n,s'

dn—1

Proof Let N := p; - - p,_1. We can assume that the fractions -, . . ., are irre-
ducible. If they are not, we work with the simplified fractions and obtain a smaller N
that works.

We first assume Ar (/) = N and define J; := {O, 1,..., Lpxel, px — Lpkel, - -,
pr — 1} foreachk =1,...,n — 1. We claim that

(1) foreachl e ]—IZ;} Ji there exists z; € Z such that either [z}, z1 + €] or [z1 — &, 71]
is contained in N< (F,e) N1,

(2) for zg we have [zo —&,z0 +e] S NI (F,e)N 1, and

(3) the integers z) are all different.

Indeed, for fixed j,—1 € J,—1 weconsiderthe set L,_1,j,_, consisting of those integers

in I that are mapped to ¢>7i/n=1/Pr=1 by x4, 1 ;i.e.,
Pn—1

Ly 1, = {zeZﬂI: M~z=]"—_1—|—Eforsome€eZ}.

Pn—1 Pn—1

Since (the class of) g,,—1 is a generator of the cyclic group Z/ p,—1Z, the set L, 1 j,_,
contains precisely N/ p,— integers with a distance of p,_; between consecutive ones.
Forz € L,—1,j,_,, either [z, z + ¢] or [z — ¢, z] is contained in [ and sent into V; by

both x; and x 4.1 . For z € L,,_; o, both characters map [z — ¢, z + €] into V.
Pn—1
Next we fix j, 2 € J, 2 and consider the set L, 3 j,_, of those elements of
L,_1,j,_, that are sent to @27 in—2/Pn—2 by x a2 ;1i.e.,
Pn—2

Ly j,_,= {z €Ly _1,j,_,: dn=2 cZ= Jn=2 + £ for some £ € Z} .

Pn—-2 Pn-2

As before, exactly N/(p,—1pn—2) elements of L,_; j,_, belong to L, j,_,, and
the distance between any two consecutives is p,_1p,—2. For z € L, j,_,, either

[z,z+¢€]or[z— ¢, z]issentinto Ve by x1, X1 and xa— . Forz € L,_3 0, these
Pp—1 Ppn-2
characters map [z — &, z + €] into V;.

After (n — 1) steps the components of | € ]_[Z;} Ji have been fixed, the set Ly j,
contains precisely one integer, say z| € ﬂz;} Ly j,and [z, z1 + el or [z1 — &, 7] is
contained in N< (F, &) N I. Since each | produces a different z;, our claim is proved.

Since |Jx| = 2| pxe] + 1 for each k, and the interval around z| have length at least
¢, the intervals constructed in the previous claim have a total length of

n—1
€ |:l_[(2kasJ +1)+ 1} > 2¢"N. (3.3)

k=1
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In fact, since 2|ne] + 1 > ne for every n € N, in case p;e, pje > o f for some

i # jthen 2 pie] +1)2lpjel+1) = 2pie—D(2pje—1) > (V2pie)(V2pje) =
282p,-pj, and (3.3) follows. On the other hand, if | < p;e < 2_{5 for some i, then

3= (2|pie]+1) = 2p;e, and inequality (3.3) holds. The only remaining case is when
pie < 1 for every i except at most one ip. In that case, from 2| p;ye| +1 > 2p;,e — 1
we also obtain that (3.3) holds since its left-hand side is bounded below by

e-[Qlpigel + D+ 11=¢-(p1e)--- 2piye) - - - (pp—18) = 2" N.

We have thus shown that Ag (N<] (F,e)N I) > 2e"Ar(I) when Ar(I) = N, as
desired. In case Ar(I) > N, there exist j € N and 6 € [0, N) such that Ar(]) =
JjN + &. Therefore, the interval / can be split into j-many subintervals of length N
and another one of length §. In each of the intervals of length N we can argue as above
and find a family of subintervals of N< (F, &) N I whose accumulated length is 2N ¢.
We then obtain that

1
R (NI (F,e)N 1) >2jNe" > 26" (1 - m) (jN +8) = "ar(]).

O

Corollary 3.8 Let0O < % < e < Z—" be a finite sequence of rationals and € € (O, %)
n

If I € Ris an interval with AR(I) > pi ~-~p,,q,’,’_2, then F := {xa,..., X} €
Pl Pn

ml,n,&

Proof From ix(I) = pi---pagy~> we get AR(21) = (gup1)--- (gnpa—1), and
Theorem 3.7 then 1mp11es Ln F = {Xpnar, ..., Xpoau—1, X1} € ‘Bqn I.n.e- The result

qnpP1 qnPp—1

follows because Nq(;’—:F, 8) N q” = q” (N<1 (F,e)nl) implies 2 bup e SBqn e
if and only if F € By p. O

The interval can be shortened in the presence of certain algebraic relations in F.

Corollary 3.9 Let0 < % <--- (ﬂ be a finite sequence of rationals and ¢ € (O, %)
If I C R is an interval with Ag (1) > > pan- 2 then F :={xa,..., Xam} € PBrone
P p

Proof From Ag(I) > pq"~?

_{Xﬂ,XQ,...,Xl}quinl’n’g,i.e.,FE‘BI’nyg. O
qn qn p

we obtain XR(‘I—,;’ I) > q,’j‘l and Theorem 3.7 then asserts

A considerably shorter interval is needed when F is sparse enough.

Corollary 3.10 Let F := {xx,, ..., Xz,} be such that T-"Jl_" > 213’ j=1, — 1, for
some € € ( ) If I € Ris an interval with Ag (1) > T— then F € ‘}31 n,e

Proof If Ag(I) = -, there exists Iy C I such that Agx(/;) = and xu L] = Ve.
Then x.,[I1] =T, andthere exists I C 1 suchthat Ar(lr) = 25 and Xnlh] =Ve.
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Atthenthstepwefind I, C I,,_1 suchthat Ar([,) = % and x,[1,] € Ve Itfollows
that I, € N<(F,e)N I and F € B ... Finally, for Ar(I) > Tl—l there exist j € N
and § € [0, %) such that Ar(/) = Tj_l + 6. Split / into j-many subintervals of length
ril plus another one of length §. By the above argument, each of the former intervals

contains a subinterval of length % and the proof then goes as in Theorem 3.7. O

4 Random Bohr Dense Subsets

In this section we combine the results of Sects. 2 and 3 in order to show that if enough
points are randomly chosen from each element of a sequence of sufficiently large
intervals, then almost surely we obtain a Bohr-dense set. The estimates in Sect. 3
are first used to find criteria for a collection of finite choices in a sequence of long
enough intervals of real numbers to be an (F, R, ¢)-matching set for every m-set F
(with m € N fixed) of strongly linearly independent polynomial phase functions. The
estimates of Sect. 2 are then used to see that these criteria are almost surely met. This
yields sets that are (F, R, ¢)-matching for every finite set of degree n polynomial
phase functions and every ¢ > 0, that is, sets of uniqueness for AP¢, .

Lemma 4.1 Let I = (I})reN be a sequence of intervals Iy = [ay, ax + br] C R with
lim sup(bg)ren = +00. For each k € N, put ty := max(|ag/|, |ax + bx|) and let A be
a finite subset of C (R, T) whose restrictions to [—t, ty] are ei-dense in the restriction
of €, to [—ty, t], where g, — 0ask — o0. Let A* = (Ap)ren, and let £* = (£x)en
be a sequence of positive integers. If (ds)sen € R is a dense subset and for some
m € Z and ¢ > 0 we have (Ai)reN € (\yery Bdy, a% m, e%,6,1%, then A = ey Ak is
an (F, R, ¢)-matching set for every m-subset F of €, strongly linearly independent
over Q.

Proof Let F = {(Upis- VUp,) © & with {p1,..., pu} € R[x] strongly linearly
independent over Q. Fix xo € R and consider N € N and sg € N with % < ¢ and

1 .
da(lp,,j(dso), Vp; (xo)) < v’ forj=1,...,m. “4.1)
Since (Ax)x € BdSO,A*,m,Z*,%,I*’ there is kg such that for every k > ko,
Ay € Adso,Ak,m,fk,%,Ik' 4.2)
Applying Theorem 3.5 to §, y > 0 such that § < % <28 and 25)" —y > N7,

we can find k > ko large enough to satisfy (4.2), ex < %(% —348), by > L(F,y) and
dg, € [—t, tx]. Since Ay is g¢-dense in the restriction of €, to [—1, %], for every

J =1,...,mthere exists ¢; € Ay such that for every t € [—#, 1],
1 /1
da (¢ (1), Y, (1)) < &k < AU 5. 4.3)
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From (4.1) and (4.3) it follows that, for 1 € N< (F, 8, dy,) N I, we have

da (9(1), §j(dsy)) < da ($; (1), Vp, (1)) +da (¥, (1), ¥, (dsy))
1
+da (Yp; (dyy). §(dyy)) < ¥

thus N9 (F, 8,d50) NI € NI(F, % ds,) N Iy, where F := {¢1. ..., ¢m). Since
br > L(F,y) implies AR(N<(F,8,dy,) N Ix) > N ™igr(Ix), we conclude that
Fe &Blk’%‘m’%, which together with (4.2) implies Ax N N(F, %, dy,) # <. From

(4.1) and (4.3) we then obtain that for y € Ay N N<(F, %, ds,),

da (Wp; ), ¥rp, (20)) < da (W, (). 5 (1) + da (6 (0), b (dy)

3
+d, (¢] (dso)’ I/ij (dso)) +dq (wﬁ_i (dxo)’ 1/’17] (XO)) < ﬁ,

Le, ¥p, () € ¥p; (x0) -V% € ¥p;(x0) - Ve. Inconclusion, A isan (F, R, ¢)-matching
set. O

Theorem 4.2 Let I* = (Ix)ren be a sequence of intervals I, = [ax,ar + br] C R
with lim sup(by)keN = 400 and ty, := max(|ax|, |ax + br|) > k for every k € N. For
each k € Nlet Ay C I be a random subset with |Ax| = £ and € # O(logty).
Then, for any fixedn € N, the set A = | oy Ar is, almost surely, a set of uniqueness
for AP¢,.

Proof We divide this proof into Steps. We first determine that a certain number of
conditions in the selection of the Ay’s are satisfied with probability one, and then we
show that, when the sets A meet these conditions, then the set A = |,y Ax is a set
of uniqueness for APg, .

Step 1: Exhibiting an event BB of probability one.
Fix n € N. Since ¢} # 0(log tk), the set

Knn = {k € N: b = (1 4+ DmN™ log2 + [mNm 90l — 2 Nog 1 |

is infinite for each N, m € N. For each k € N define

n N
Ak ={ trﬁlx’: — 1P < g < 2 g eZ,r:O,...,n} C R, [x]
r=0 "k

. ~ n (r+2) n1,
and Ay = {¥,: p € Ag}. Observe that [Ax| = [[r_oLg, 7)) < 2"y,
Fixm, N e N.If k € Ky i, then
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n+4Hn+1) 2
Ly > (n+1DmN"log2 + | mN™ - log ¢,
kz+ ) g [ 2 log (1= Ny | 2%
> mN™log|Ag| — logk,

log (1 — N—™)

and Lemma 2.12 applied to the sequences I, = (I)keky > AN g = (Didkeky o

and £y, = (bdkeky,, With e = i and with n replaced by m, yields then that for

every q e R the event B Ay b T occurs with probability one. Therefore,

if (dy)sen € R denotes a countable dense subset the event

B= (V1) ) Baagym i b

seNmeN NeN

also occurs with probability one.
Step 2: The set Ay is "+1 -dense in the restrictions of &€, to [—t, tx].

Consider any element f(x) = ¥iP™) of ¢, with p(x) = Zf oarx" € R[x]. For
eachr € {0,...,n} find j, € 7Z such that ‘a, »]+1
U

= T +1 Then, the polynomial

qgx) = Zf 0 ,]J’rlx is such that 2 (x) = e2m4() ¢ Ay, and for every x € [—t, t]

we obtain

n

dy(h(x), f(x) < [p(¥) =g < Y

r=0

ar — —

n

r r 1
Sy bl s _nl

rOtk rOtk Tk

Step 3: If (Aken € B, then A = ey Ak is (F, R, €)-matching for every
F C ¢, induced by a finite family of polynomials that is strongly linearly independent
over Q and every ¢ > 0.

For such aset A, fix e > Oand let F = {{p,, ..., ¥} with {py, ..., ps} € R,[x],
strongly linearly independent over Q. Fix N € N with % < &. By our Step 2 above,
Lemma 4.1 applies to the sequences I, Ay, and £, and shows that A is an
(F, R, &) matching set.

Step 4: If (Ap)ien € B, then A = | Jycn Ak is (F, R, £)-matching for every finite
set F C €, and every ¢ > 0.

Fix ¢ > 0, and let F' = {{p, ..., ¥p,} with {p1, ..., ps} € R,[x]. We may
assume that {py, ..., p,} are strongly linearly independent over Q and that, for each
Jj =m-+1,...,s, there is a constant C; € R and there are integers Q and Z;;,

1 <i <m,with
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Let us define M = max{) /., |Z;j| : j € [m+1, Nl}and & = ¢/M.Fix N € N with
% < E.

Since the family F={ p1/Q, ..., pm/Q} is strongly linearly independent over Q,
Step 3 above shows that A is an (F, R, &)-matching set. We next see that A is also an
(F, R, &)-matching set.

Let a € R. Since A is an (F, R, &)-matching set, there is x, € Ag such that
Xq € N<'(I:", £,a); that is, for each i = 1,...,m, there are §; with |§;| < £ and
M; € 7 such that

%(m— %(a) =5+ M.

Then, for j=m+1,...,s,

piGa) = pj@) =Y Z [%(W - %(a)} = 2y + M.
i=l i=1

Since Y/, ZijM; € Z and |}, Z;;8;| < e, we see that Vp;(xa) € Yp;(a) - Ve
forevery j = m + 1, ..., s. The same conclusion being obvious for j = 1, ..., m, it
follows that x, € N9 (F, ¢, a), as we wanted to show.

Having proved that A is an (F, R, ¢)-matching set for every ¢ > 0 and every finite
set F C €, an application of Corollary 2.6 then concludes the proof. O

In the case of AP(RR), we also obtain almost sure density.

Theorem 4.3 Let I* = (Iy)ren be a sequence of intervals I, = [ax,ar + bx] C R
with lim sup(b)keN = 400 and ty := max(|ax|, |ax + br|) > k for every k € N. For
each k € N let Ay C I be a random subset with |Ar| # O (logty). Then, almost
surely, A = ey Ak is dense in RA7.

The same argument yields the following general version of Theorem 3.1 in [13].

Theorem 4.4 Let I* = (Iy)ren be a sequence of intervals Iy = [ng, nx +my] C Z
with lim sup(my)reny = +00 and ty := max(|ng|, |[nx + my|) > k for every k € N.
For each k € N let Ay C I be a random subset with |Ax| # O (log ty). Then, almost
surely, A = Uy Ak is dense in Z'7.

5 Bohr-Dense Sets with Special Properties

The estimates of Sect. 2 can be easily used to find Bohr-dense sets with special proper-
ties, as long as the conditions imposed in Lemma 2.12 and Theorem 4.2 leave enough
room for a random subset to satisfy the required properties.

In this section we focus on interpolation properties of sets. For a given algebra
A C C(G,C), with G a topological group, a subset X C G is said to be an A-
interpolation set if every bounded function f: X — C admits a continuous extension
f : G — Cwith f € A. We consider here a class of sets of interpolation for the algebra
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WAP(G) of weakly almost periodic functions on G, which are those functions whose
set of translates by elements of G is weakly relatively compact. One of the important
features of this class is that the interpolation properties of its members are not a part
of its definition, which focuses on its combinatorial side.

Definition 5.1 Let G be a topological group. A subset E of G is a t-set if for every
g € G, g # 0, the intersection £ N (E + g) is relatively compact.

The class of ¢-sets was introduced by Rudin in [ 17], where he proved that every function
supported on a ¢-set of a discrete group is automatically weakly almost periodic, see
[9] for further references on this topic. In the terminology of [9], #-sets in LCA groups
are (approximable) WAP(G)-interpolation sets.

Sets of interpolation for the Fourier—Stieltjes algebra B(G) (consisting of Fourier—
Stieltjes transforms of measures on G) are known as Sidon sets and have been heavily
studied (see the monographs [10] and [15]). Since B(G) € WAP(G), we have that
both Sidon sets and z-sets are sets of interpolation for the algebra of weakly almost peri-
odic functions. An interesting observation is that every Sidon set can be decomposed
as a finite union of #-sets (see [10, Corollary 6.4.7]).

As already noted in [13], the random process of Theorems 4.2 and 4.4 cannot be
adapted to yield Sidon sets. It is well known, see, e.g., [10, Corollary 6.3.13], that a
length N interval contains at most Cg log N elements of a Sidon set E. This route has
however proved to be fruitful with other less demanding properties: Neuwirth [16], for
instance, obtains dense subsets of 7P that are A(p) for every p, and Li, Queffélec
and Rodriguez-Piazza [14] have obtained dense subsets of ZA7 that are p-Sidon for
every p > 1. We do not need these concepts here and refer to [10, 14, 16] for their
proper definitions. It suffices to say that Sidon sets are p-Sidon for every p > 1 and
A(p)-sets for every p.

While, as mentioned, our construction does not work with Sidon sets, it does work
with the important class of 7-sets. We show in this section that #-sets that are dense in
GA? do exist for G = Z and G = R and that, indeed, random constructions in the
spirit of Lemma 2.12 lead almost surely to z-sets that are dense in G*7.

We first need a lemma that helps in recognizing z-sets. For a subset A C R, we
define its step length as

SIL(A) =inf{|z — 7|1 2,2 € A,z #2'}.
Lemma 5.2 Let ([ak, br])ken be a sequence of intervals in R, and for every k € N, let

Ay be a finite subset of [ay, by ). If

(1) the sequence of gaps (ar+1 — br)keN is increasing and unbounded, and
(2) there exists ko such that StL(Ay) > br_1 — ax—1 for every k > ko,

then the set A = | oy Ak is a t-set.
Proof Suppose thereis 0 # 7y € R such that A N (A +1p) is unbounded. Since the sets
Ay are finite, there willbe k < k/, withk > ko, ax—by_1 > |tol,and 1, € AxN(A+1p),

te € A N (A +19). Thentg =t —t) =ty —tr witht, tr € A. If tp > 0, using that
to <ax —byr—1 <ay —by_j,onehasthatby_| <t; <ty andthatby_| <tr < tp.
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A symmetric argument works when 7y < 0. It follows that r; € Ay and , € Ay. But
then StL(Ay) < |ty — 2] = |to| < |lax — bx—1], a contradiction with hypothesis (2).
O

Theorem 5.3 Let I* = (I})reN be a sequence of intervals Iy = [zx, zx + Nyl C Z
such that the sequence of gaps (Zix+1 — 2k — Ni)keN 1S increasing and unbounded. For

each k € N let Ay C I be a random subset with |Ay| = . IkaeN eka !
then, almost surely, A = oy Ak is a t-set.

Proof For k € N we consider the event By = {Ag: StL(Ag) < N¢—1}. A rough
estimate of the probability of this event is obtained by observing that any choice of £
elements with step length at most Ny_; is witnessed by elements in [ at a distance
of at most Nj_. If for each element z in /; we find those elements in [} larger than
z but within a distance of at most N;_1, we see that there are at most Ny_| witnesses
containing z. Since there are at most (Zj‘:zl) different subsets of I of cardinality ¢,
that contain a given witness, we deduce altogether that

< 00,

(N + I)Nkfl(lz,f:’zl) _ G = DONe1 €Nk

(™) N N TN

P (By) <

We conclude that ), en P (Br) < oo, and the Borel-Cantelli lemma then shows that,
almost surely, there exists kg € N such that Ay ¢ By for every k > ko. Lemma 5.2
then proves that A is a z-set. O

Theorem 5.4 Let I* = (I})reN be a sequence of intervals Iy = [zx,zk + Ny ] C R
such that the sequence of gaps (Zx+1 — Zk — Ni)keN s increasing and unbounded. For

each k € N let Ay C I be a random subset with |Ay| = k. IkaeN 4% Nk !

then, almost surely, A = UkeN Ay is a t-set.

Proof Again, for k € N we consider the event By = {A: StL(Ag) < Nx_1}. We first
estimate the probability of B; when ¢, = 2. For By := {{x, y} C Ix: |x — y| < Nx—1}
and considering the pair (x, y) to be uniformly distributed on the square Iy x I, we
obtain

AN px=Ni-1 Ni—1(2Ng — Ny—
P(Bo)zl—z/ / _2 ydx = k—1( k2 k 1)'
Zk+Ng—1 k Nk

< 00,

Now, if a set Ay consisting of ¢; points is chosen in I, for Ak to be in By it will be
enough that any pair {x, y} of its elements satisfies |[x — y| < Nix_1. A rough estimate
is then

— _ £2Ny—
L (g — 1) N1 QN — Ne_y) < & k=1
2N? N

y4
P (By) < <2k)-]P’(Bo)=

We deduce that ) ", P (Bx) < oo, and the Borel-Cantelli lemma then shows that,
almost surely, there exists kg € N such that Ay ¢ By for every k > ko. Lemma 5.2
proves then that A is a 7-set. O
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We now choose parameters in Theorem 4.2 so as to fit in Theorem 5.3.

Theorem 5.5 Let I = (I)xenN be a sequence of intervals I, = [Ly,2L;] C R with
Ly = (kD)* for every k € N. For each k € N let Ay C I be a random subset with
|[Ak| =k, and let A = |y Ax. Then, almost surely, A is a dense t-set in RAY If

we choose Ay C Z, then, almost surely, A is a dense t-set in 7ZAY,

Proof This sequence of intervals satisfies the hypotheses of both Theorems 4.2 and
5.4, or their analogs 4.4 and 5.3. Hence A almost surely satisfies both conclusions. O

The sets of Theorems 4.4 and 5.5 have asymptotic density zero. Other examples of
Bohr-dense subsets of Z are obtained in [1]. The sets in [1] satisfy the condition

1
lim v |[EnN(Ey +k)| =1, forallk € Z,

N—o0

where Ey is the set consisting of the first N terms of E. They are therefore very far
from being 7-sets.
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