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ABSTRACT 

 

The idea of a sustainable future has led to the exclusion of fossil fuels from development policies 

and the inclusion of low-carbon alternatives instead. The strategy must be holistic, as proposed by 

the carbon capture and utilization technologies alongside renewable energies. An example is 

converting CO2 into value-added products, such as CH4 or Synthetic Natural Gas (SNG), using 

surplus power of renewable alternatives, in a low-carbon footprint process. The chemical route for 

the synthesis of SNG from CO2 and H2 is a catalytic reaction known as CO2 methanation or 

Sabatier reaction. 

  

The methanation is an example of CO2 capture and utilization technologies' industrial application 

within the so-called Power-to-Methane (PtM) context. In this scenario, fixed bed reactors have 

been the reaction technology employed by default. However, their deficiency in handling the heat 

released from the highly exothermic Sabatier reaction or responding to the process' intermittency 

appropriately has been demonstrated. These drawbacks have aroused scientific interest in 

developing reactors better adapted to the PtM context demands. One approach is by intensifying 

the methanation process to increase the mass- and energy-transfer and improve its transient 

response. 

  

In this project, the phenomenological hot spots formation in fixed bed reactors used for the 

methanation industrial process was investigated through a parametric sensitivity analysis, 

simulating the reactor start-up. On the other hand, it was proposed a CFD simulation-aided 

conceptual design of a wall-coated reactor for the SNG production using an intensification 

strategy. The design was based on a reactor formed by single-pass and heat-exchanger stacked-

plates. The reacting channel dimensions were defined, including the catalytic layer thickness, 

fulfilling a minimum quality threshold given by the CO2 conversion (≥ 95%). The proposed design 

was also intended to maximize the volume of processed gas while meeting the quality requirement, 

resulting in a throughput per reaction channel of ~12 ml/min. Likewise, the plates manifold 

geometry and dimensions that best promoted a flow rate uniform distribution were established as 

a function of the number of reacting channels. Finally, a preliminary dynamic analysis of the 

operation start-up and shutdown was performed, establishing that the designed reactor does not 

present a hysteresis behaviour, an ideal condition for intermittent environments. 

 

 

Keywords: Carbon Capture and Utilization, CFD-aided Design, Fixed-bed Reactor, Hot spots 

Formation, Power-to-Methane, Process Intensification. 
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RESUMEN 

 

La idea de un futuro sostenible ha conllevado a suprimir el uso de combustibles de origen fósil de 

los planes de desarrollo y por el contrario incluir alternativas con baja huella de carbono. La 

estrategia debe ser holística, como lo proponen las tecnologías de captura y utilización de CO2 

junto con las energías renovables. Un ejemplo es la conversión del CO2 en productos con valor 

agregado, como el CH4 o Gas Natural Sintético (GNS), utilizando la energía sobrante de las 

alternativas renovables, en un proceso con baja huella de carbono. La ruta química para síntesis de 

GNS a partir de CO2 e H2 es una reacción catalítica que se conoce como metanación de CO2 o 

reacción de Sabatier. 

 

La metanación es un ejemplo de aplicación industrial de las tecnologías de captura y utilización 

de CO2 en lo que también se conoce como el contexto Power-to-Methane (PtM). En ese ámbito, 

los reactores de lecho fijo han sido la tecnología de reacción utilizada por defecto. Sin embargo, 

se ha demostrado su incapacidad para manejar el calor liberado producto de la reacción de Sabatier 

(altamente exotérmica), o de responder apropiadamente a la intermitencia del proceso. Estas 

dificultades han despertado el interés científico por desarrollar reactores que se adapten mejor a 

las exigencias del contexto PtM. Una propuesta yace en intensificar el proceso de metanación, 

incrementando la transferencia de masa y energía además de mejorar su respuesta transitoria.   

 

En este proyecto se estudió, por un lado, la formación fenomenológica de puntos calientes en 

reactores de lecho fijo utilizados industrialmente para el proceso de metanación a través de un 

análisis de sensibilidad paramétrico, simulando el arranque del reactor. Por el otro lado, se propuso 

un diseño conceptual asistido por simulación CFD de un reactor de pared recubierta para la 

producción de GNS a través de una estrategia de intensificación. El diseño partió de un reactor 

formado por platos apilados de intercambio de calor de un solo paso. Se definieron las dimensiones 

del canal de reacción, incluyendo el grosor de la capa catalítica, que cumplían con el umbral 

mínimo de calidad dado por la conversión de CO2 (≥ 95%). El diseño propuesto también tuvo por 

objeto maximizar el volumen de gas procesado, cumpliendo a la vez con el requisito de calidad, 

lo que resultó en un rendimiento por canal de reacción de ~12 ml/min. Así mismo se estableció la 

geometría y dimensiones del colector del plato que mejor favorecían una distribución uniforme de 

la velocidad del flujo en función del número de canales de reacción. Por último, se realizó un 

análisis dinámico preliminar del arranque y apagado de la operación, estableciendo que el reactor 

diseñado no presenta un comportamiento de histéresis, ideal para un entorno con alta intermitencia. 

 

 

Palabras clave: Captura y Utilización de Carbono, Diseño asistido por CFD, Formación de Puntos 

calientes, Intensificación de Procesos, Power-to-Methane, Reactor de Lecho Fijo. 

 



_____________________________________________________________________________________ 

Design of an Intensified Reactor for the Synthetic Natural Gas Production                    v | P a g e  

through Methanation in the Carbon Capture and Utilization Context.  

Santiago Ortiz Laverde (2020) 

ABSTRACT ................................................................................................................................ iii 

RESUMEN .................................................................................................................................. iv 

List of Figures ........................................................................................................................... viii 

List of Tables ............................................................................................................................... x 

 

 

CONTENT 

 

DOCUMENT STRUCTURE ................................................................................................... 1 

 

RESEARCH CONTRIBUTIONS AND DISTINCTIONS ............................................... 2 

 

CHAPTER 1: Overview .............................................................................................................. 3 

1.1 Introduction and State of the Art .......................................................................................... 4 

1.2 Baseline Theoretical Framework ........................................................................................... 6 

    1.2.1 Numerical approach ........................................................................................................... 8 

    1.2.2 Computational implementation .......................................................................................... 9 

    1.2.3 Analytical approach ......................................................................................................... 11 

1.3 Nomenclature and abbreviations......................................................................................... 12 

1.4 Objectives............................................................................................................................... 13 

    1.4.1 General objective: ............................................................................................................ 13 

    1.4.2 Specific objectives: .......................................................................................................... 13 

1.6 References − Chapter 1 ........................................................................................................ 14 

 

CHAPTER 2: Proposal of an open-source computational toolbox for solving PDEs in the context 

of chemical reaction engineering .................................................................................................. 16 

2.1 Abstract .................................................................................................................................. 17 

2.2 Introduction ........................................................................................................................... 18 

2.3 Computational toolbox and methodology ........................................................................... 21 

    2.3.1 Mesh generation ............................................................................................................... 22 

    2.3.2 FEniCS and the FEM ....................................................................................................... 22 

    2.3.3 FEniCS and complements: Interoperability ..................................................................... 23 

    2.3.4 Case studies ...................................................................................................................... 25 



_____________________________________________________________________________________ 

Design of an Intensified Reactor for the Synthetic Natural Gas Production                    vi | P a g e  

through Methanation in the Carbon Capture and Utilization Context.  

Santiago Ortiz Laverde (2020) 

        2.3.4.1 Phthalic Anhydride synthesis .................................................................................... 25 

            2.3.4.1.1 Reactor model description ................................................................................. 25 

            2.3.4.1.2 ACM and FEniCS numerical procedure ............................................................ 26 

        2.3.4.2 Catalytic production of Synthetic Natural Gas (SNG) ............................................. 27 

            2.3.4.2.1 System description ............................................................................................. 27 

            2.3.4.2.2 Governing equations and model assumptions.................................................... 28 

            2.3.4.2.3 CO2 methanation kinetics .................................................................................. 29 

            2.3.4.2.4 Variational formulation ...................................................................................... 30 

        2.3.4.3 Computational aspects .............................................................................................. 31 

2.4 Results and discussion .......................................................................................................... 31 

    2.4.1 Case study 1 – Phthalic anhydride synthesis ................................................................... 31 

    2.4.2 Case study 2 – SNG synthesis ......................................................................................... 33 

        2.4.2.1 CO2 methanation and reactor hot spots ..................................................................... 33 

        2.4.2.2 Parametric study variables ........................................................................................ 35 

            2.4.2.2.1 Effect of the coolant temperature ....................................................................... 37 

            2.4.2.2.2 Effect of the inlet gas velocity ........................................................................... 39 

            2.4.2.2.3 Effect of the CO2:H2 molar ratio ........................................................................ 39 

            2.4.2.2.4 Effect of the feed pressure ................................................................................. 41 

2.5 Conclusions ............................................................................................................................ 42 

2.6 Nomenclature and abbreviations......................................................................................... 42 

2.7 Acknowledgements ............................................................................................................... 44 

2.8 References − Chapter 2 ........................................................................................................ 44 

 

CHAPTER 3: CFD-Aided Design of an Intensified Reactor for the Production of Synthetic 

Natural Gas within ........................................................................................................................ 48 

3.1 Abstract .................................................................................................................................. 49 

3.2 Introduction ........................................................................................................................... 50 

3.3 Methods .................................................................................................................................. 52 

    3.3.1 Design overview .............................................................................................................. 52 

    3.3.2 Reactor and kinetic modelling ......................................................................................... 54 

        3.3.2.1 Governing equations, model assumptions, and boundary conditions ....................... 54 

        3.3.2.2 Catalyst diffusion limitations .................................................................................... 58 

        3.3.2.3 Catalytic rate ............................................................................................................. 58 

    3.3.3 Stage 1: Reacting channel design .................................................................................... 59 

    3.3.4 Stage 2: Reactor stacked-plate design.............................................................................. 62 

    3.3.5 Stage 3: Three-dimensional stacked plate evaluation ...................................................... 65 

    3.3.6 Dynamic analysis ............................................................................................................. 66 

    3.3.7 Computational aspects ..................................................................................................... 67 



_____________________________________________________________________________________ 

Design of an Intensified Reactor for the Synthetic Natural Gas Production                    vii | P a g e  

through Methanation in the Carbon Capture and Utilization Context.  

Santiago Ortiz Laverde (2020) 

3.4 Results .................................................................................................................................... 68 

    3.4.1 Reacting channel design .................................................................................................. 68 

    3.4.2 Stacked-plate design ........................................................................................................ 72 

    3.4.3 Three-dimensional stacked plate evaluation .................................................................... 74 

    3.4.4 Dynamic analysis ............................................................................................................. 79 

3.5 Conclusions ............................................................................................................................ 80 

3.6 Nomenclature and abbreviations......................................................................................... 81 

3.7 References .............................................................................................................................. 82 

 

4. CONCLUDING REMARKS ............................................................................................. 86 

 

5. FUTURE WORK ................................................................................................................. 86 

 

6. APPENDIX A:  Supplementary Material for: Proposal of an open-source computational 

toolbox for solving PDEs in the context of chemical reaction engineering ................................. 87 

 

7. APPENDIX B: Supplementary Material for:  CFD-aided design of an intensified reactor for 

the production of synthetic natural gas within the power-to-methane context ............................. 96 

 

 

 

 

 

 

 

 

 

 



_____________________________________________________________________________________ 

Design of an Intensified Reactor for the Synthetic Natural Gas Production                    viii | P a g e  

through Methanation in the Carbon Capture and Utilization Context.  

Santiago Ortiz Laverde (2020) 

List of Figures 

 

Figure 1-1. Mathematical scheme of reactor vessel (fuel and cladding rods). .............................. 7 

Figure 1-2. Temperature field over the fuel-cladding rod solid body. ......................................... 10 

Figure 1-3. Numerical and analytical solutions for the temperature profiles along the cladding rod 

(a), and fuel rod (b) radius. ........................................................................................................... 11 

Figure 2-1. Open-source toolbox interoperability........................................................................ 24 

Figure 2-2. Schematic diagram of the tube bundle fixed-bed reactor packed with spherical 

NiAl(O)x for CO2 methanation. .................................................................................................... 27 

Figure 2-3. Profiles of o-xylene conversion obtained in both FEniCS and ACM. ...................... 32 

Figure 2-4. Absolute error for the FEniCS and ACM contrasted thermal maps. ........................ 33 

Figure 2-5. Bed temperature contours along the x-z plane in a single tube of the methanation tube 

bundle reactor (made with ParaView) from the reactor start-up (t1=250 s) until the steady state 

(t6=1650 s). This simulation took place with a reactor feed temperature, pressure, gas velocity, and 

H2:CO2 molar ratio of 400 K, 5 bar, 1 m/s, and 4.8, respectively. In addition, the coolant 

temperature settled at a constant temperature of 500 K. ............................................................... 34 

Figure 2-6. CO2 conversion and packed-bed temperature profiles along the reactor length (r = 0) 

at a steady-state (t6) for the simulation are displayed in Figure 2-5. ............................................ 35 

Figure 2-7. Parametric sensitivity analysis on CO2 conversion. (a) Effect of the coolant 

temperature, (b) inlet gas velocity, (c) CO2:H2 molar ratio, and (d) feed pressure. ..................... 37 

Figure 2-8. Parametric sensitivity analysis of (a) coolant temperature and (b) inlet gas velocity on 

the hot spot formation. Black and continuous sharp peaks (top) indicate the presence of hot spots 

due to ignition conditions, while zoomed continuous black curves (bottom) call for overcooling.

....................................................................................................................................................... 38 

Figure 2-9. Parametric sensitivity analysis of (a) the feed reagent ratio and (b) pressure on hot spot 

formation. Black and continuous sharp peaks (top) indicate the presence of hot spots due to ignition 

conditions, while zoomed continuous black curves (bottom) call for overcooling. ..................... 40 

Figure 3-1. Sketch of the heat-exchanger wall-coated reactor. .................................................... 53 

Figure 3-2. Parameterisation of the reaction channel design. ...................................................... 60 

Figure 3-3. Stage 1 scheme: design of reaction channel. ............................................................. 61 

Figure 3-4. Design of the stacked-plate: velocity field for the proposed geometries with an 

arbitrary number of reaction channels. ......................................................................................... 63 

Figure 3-5. Design of the stacked-plate: velocity field scheme for the free (A) and obstructed (B) 

flow configurations. ...................................................................................................................... 64 

Figure 3-6. Stage 2 scheme: Reactor stacked-plate design. ......................................................... 65 

Figure 3-7. Stage 3 scheme: 3-D evaluation of the entire stacked plate. ..................................... 66 

Figure 3-8. On-off temperature disturbance. ............................................................................... 67 

Figure 3-9. Effect of the particle diameter (𝑑𝑝) and the catalyst layer-to-channel width ratio (𝑓𝑐𝑎𝑡) 

on the wall-coated layer volume. .................................................................................................. 68 



_____________________________________________________________________________________ 

Design of an Intensified Reactor for the Synthetic Natural Gas Production                    ix | P a g e  

through Methanation in the Carbon Capture and Utilization Context.  

Santiago Ortiz Laverde (2020) 

Figure 3-10. Results for the reaction channel design (stage 1). (a) Effect of the particle diameter 

on the maximum temperature achieved along the milli-channel. (b) Effect of the particle diameter 

on CO2 conversion at the outlet of the milli-channel. (c) Selection of the design point base on the 

minimum required quality and the maximum possible throughput. ............................................. 70 

Figure 3-11. Three-dimensional molar fraction scalar field for the CO2 molar fraction. The 

geometry of the reacting channel is presented at the design point. Parametrisation: channel width 

(𝑊𝑚𝑓𝑙𝑑), height (𝑊𝑚𝑓𝑙𝑑) and length (𝐿), and wall-coated thickness (𝛿𝑐𝑎𝑡)............................ 72 

Figure 3-12. Relative standard deviation obtained for four different manifold geometries and milli-

channels. Triangular-, square- and curvilinear-like alternatives are considered (Geo.1, 2, 3 and 4, 

respectively). ................................................................................................................................. 73 

Figure 3-13. Relative standard deviation obtained for a free-flow 𝑎 and an obstructed-flow 𝑏 

manifold with different number of milli-channels. ....................................................................... 74 

Figure 3-14. Three-dimensional simulation results for a stacked-plate with flow obstruction, 

comprising 10 reaction milli-channels and a fmfld of 1.0. a 3D wireframe perspective of the CO2 

molar fraction profile over the entire stacked-plate. b Stacked-plate top view of the velocity 

magnitude profile. c Stacked-plate top view of the CH4 molar fraction profile. d Stacked-plate top 

view of the pressure drop profile with contour lines. ................................................................... 76 

Figure 3-15. Three-dimensional validation of the results yielded in the previous design stages 

(Sections 3.3.3 and 3.3.4). 𝑎 Overall CO2 conversion attained for free-flow and obstructed stacked-

plates as function of the number of reacting milli-channels. 𝑏 Relative standard deviation for the 

CO2 mass flow evaluated at the reaction channels inlet boundary. 𝑐 Comparison of the relative 

standard deviation for the velocity obtained in the 3D cases and their equivalent values in the 2D 

simulation of Section 3.3.4. .......................................................................................................... 77 

Figure 3-16. Effect of channel length on the mass flow standard deviation (a), maximum local 

temperature (b), CO2 conversion (c) and pressure drop (d). ........................................................ 79 

Figure 3-17. Dynamic simulation results, start-up of the reactor. ............................................... 80 

 

 

 

 

 

 

 

 

 

 

 

 

 



_____________________________________________________________________________________ 

Design of an Intensified Reactor for the Synthetic Natural Gas Production                    x | P a g e  

through Methanation in the Carbon Capture and Utilization Context.  

Santiago Ortiz Laverde (2020) 

List of Tables 

 

Table 1-1. Summary of parameters .............................................................................................. 10 

Table 1-2. Summary of the mathematical scheme for the analytical approach. .......................... 11 

Table 2-1. Overview of reactor modelling for CO2 methanation. ................................................ 20 

Table 2-2. Model equations for the phthalic anhydride synthesis reactor. .................................. 25 

Table 2-3. Information on numerical methods for case study 1 (using ACM and FEniCS). ....... 26 

Table 2-4. Summary of governing equations for the CO2 methanation reactor (pseudo-

homogeneous approach). .............................................................................................................. 28 

Table 2-5. Variational formulation for governing equations (see Table 2-4). ............................. 30 

Table 2-6. Computational resources. ............................................................................................ 31 

Table 2-7. Summary of critical variables and their operating limits within the CO2 methanation 

reactor. .......................................................................................................................................... 36 

Table 3-1. Summary of governing equations for the wall-coated catalytic layer. ....................... 55 

Table 3-2. Summary of governing equations for the free fluid region. ....................................... 56 

Table 3-3. Summary of boundary conditions for the transport phenomena governing equations.

....................................................................................................................................................... 57 

Table 3-4. Parametrization for Koschany et al. (2016) catalytic rate equation (Tref = 555 K). ... 59 

Table 3-5. Geometrical variables evaluation range. ..................................................................... 61 

Table 3-6. Operating conditions for reacting channel. ................................................................. 62 

Table 3-7. Evaluation range for the manifold geometrical parameters. ....................................... 63 

Table 3-8. Computational resources. ............................................................................................ 67 

Table 3-9. Evaluation range for the manifold geometrical parameters. ....................................... 75 

 



_____________________________________________________________________________________ 

Design of an Intensified Reactor for the Synthetic Natural Gas Production              P a g e  1 | 112 

through Methanation in the Carbon Capture and Utilization Context.  

Santiago Ortiz Laverde (2020) 

DOCUMENT STRUCTURE  

This document is divided in three chapters: 

 

Chapter 1 provides a synopsis of the project and the studied subject. This section presents a general 

overview and a short theoretical framework of the finite element method addressing a case study 

in the nuclear engineering field as a proof-of-concept. The 1st Chapter is also expected to guide 

the reader in justifying the work, the main objectives, and the project scope.  

 

Chapter 2 discusses the hot-spot formation typical of fixed-bed reactors employed in the CO2 

methanation process. The results are supported on several parametric sensitivity analysis under 

relevant industrial operating conditions. Nevertheless, this discussion is not presented as the main 

topic of Chapter 2 but as a case study forming part of a wider investigation. The 2nd Chapter is 

entitled “Proposal of an open-source computational toolbox for solving PDEs in the context of 

chemical reaction engineering using FEniCS and complementary components” and describes a 

novel open-source computational toolbox, demonstrating its feasibility in the chemical 

engineering field through two case studies. The first is introduced as a validation case and 

addresses the well-known selective oxidation of o-xylene to phthalic anhydride. The second case 

deals with the CO2 methanation in the Power-to-Methane (PtM) context, serving as an example of 

the toolbox applicability within a state-of-the-art research topic. In both, the results are discussed 

and contrasted with another reliable software or the reported in prior research, concluding 

consistency across them. 

 

Chapter 3 provides a Computational Fluid Dynamics (CFD) simulation-aided design for an 

intensified methanation device. The design is evaluated under relevant operating conditions in PtM 

applications, intending to avoid the formation of hot spots and the existence of mass- and heat-

transfer resistances. The reactor structural evaluation covers a wide range from the micrometric to 

the millimetre scale and involves the individual wall-coated reaction channel as well as the stacked 

plate design. In the last one, the geometry that better favours a uniform distribution of the flow is 

analysed, critical for an eventual scale-up of the intensified process. Finally, the proposed layout 

is subjected to an on/off disturbance characteristic of power-to-gas industrial conditions. This 

Chapter is titled “CFD-aided conceptual design of an intensified reactor for the production of 

synthetic natural gas within the power-to-methane context”. To the best of the authors’ knowledge, 

a computer-aided design of this kind has not been considered so far as a PtM reaction technology. 

 

The results of this manuscript (Chapters 2 and 3) are presented as Papers. The former is already 

published in the Journal Heliyon, section Heliyon Engineering. Journal classified as Scopus Q2. 

The latter is about to be submitted to a high-impact Q1 journal. References, nomenclature and 

abbreviations are given at the end of each Chapter. The project’s overall conclusions and 

corresponding appendixes are presented at the end of the manuscript.  
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1. CHAPTER 1: Overview 

 

 

The purpose of this chapter is to introduce the Project’s main topic as a way of justification 

and to present some relevant mathematical concepts about the finite element method as the 

backbone of the computational methodology employed throughout the manuscript. The last 

goal is attained by solving an interdisciplinary engineering problem that serves as a proof-

of-concept. 
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1.1 Introduction and State of the Art 

Economic growth detached from the concept of sustainable development has brought severe 

consequences. Due to the Emission of Greenhouse Gases (GHGE), the global warming 

phenomenon is a clear environmental example. The latter has proven the non-sustainability of the 

economic model based on fossil fuels [1], [2]. 

  

Accordingly, different actions have been taken to deal with global warming. In 1992, the United 

Nations Framework Convention on Climate Change (UNFCCC) was created as an international 

treaty to combat climate change in a cooperative way. By 1997 the UNFCCC was extended 

through the Kyoto Protocol in which some emission reduction targets and two commitment periods 

were established (2008-2012 & 2013-2020). Besides, the so-called Conferences of the Parties have 

served as yearly plenaries of the UNFCCC to assess progress in dealing with climate change. In 

2015, it took place at Paris the Conference of the Parties (COP21), resulting in the Paris 

Agreement. This resolution has sought to accelerate and intensify the actions, and investment 

lacked for a sustainable low carbon future, as long as to deal with the on-going repercussions of 

global warming [3]. 

 

As a result, lower carbon-footprint technologies have started to make their way into the industrial 

sector as the foremost approach of new economic models for future societies. Fossil-based 

conventional energy sources are currently being replaced by renewable ones such as wind, 

photovoltaic, hydroelectric, and geothermal power. However, one of the main obstacles 

encountered by these technologies within the energy market is their inability to provide a baseload 

electric power. This intermittent nature has limited their integration with the power grid. Despite 

those difficulties, penetration of renewable sources is expected to expand further, and storage 

strategies to save energy during low-demand/high-supply periods have become crucial [4]–[7]. 

 

An emerging storage strategy that has gained traction is the storage of surplus renewable energy 

in the form of chemical fuels [8]. The logical pathway is converting electrical power into hydrogen 

(H2) by water (H2O) electrolysis through the so-called power-to-hydrogen (P2H) approach. 

Renewable hydrogen can be used as a zero-emission fuel or as a feedstock in various chemical 

processes. However, the available infrastructure concerning hydrogen transport and storage is 

scarce and expensive to acquire, restraining the P2H concept. Instead, hydrogen can be 

transformed into valuable products with broader applications [5]. 

 

The above has brought opportunity gaps to novel carbon-efficient alternatives using H2 of 

renewable origin as an energetic precursor. The leading example is the Carbon Sequestration and 

Utilization (CSU) technologies, by which the carbon dioxide (CO2) is captured and transformed 

into value-added products in the so-called power-to-X context [9]. In that sense, H2 can be 

transformed into chemical fuels with wider supply chains, such as methane (CH4), using the 
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extensive Natural Gas (NG) grid, plus contributing to the reduction of GHGE through the 

consumption of CO2 from contaminant emissions. Besides, NG, in which CH4 is often the largest 

component (up to 80 vol%), is one of the cleanest hydrocarbon fuels, showing good efficiency in 

internal-combustion engines [10], [11], and the third current energy source of global consumption 

with 24% of participation worldwide below petroleum (33%) and carbon (28%) [12], [13]. 

 

The chemical pathway proposed to synthesize CH4 from H2 and CO2, namely Synthetic Natural 

Gas (SNG) in the power-to-methane (P2M) context, is a catalytic process known as methanation 

(or Sabatier reaction) [14], [15]. This reaction is distinguished by its highly exothermic nature, 

making heat removal from the reactor a mandatory task. Otherwise, leading to catalytic 

deactivation paths or the shift of thermodynamic equilibrium originated at elevated temperatures 

[8], [16]. 

 

Fixed-bed reactors have been the most employed reaction technologies for the Sabatier process in 

P2M applications. However, they have proven to be incapable of allowing appropriate temperature 

management, to the extent of avoiding the formation of hot spots, under undiluted conditions [17], 

[18]. As a result, several other reactors have been adapted for the CO2 methanation regardless of 

the implemented catalyst. Some of them are fluidized-bed, monolith, foam, microchannel, 

membrane, sorption enhanced, slurry, and non-thermal plasma. These reactors are still in the 

development stage and have been studied as a function of several parameters to select the most 

suitable technology [17]–[26]. 

 

In terms of heat removal and temperature management, microchannel reactors have proven to be 

superior. Microreaction technologies are part of the Process Intensification (PI) paradigm that has 

gained significance in the last two decades [27]–[29]. This strategy consists of the miniaturization 

of operating units and ultimately of the entire plant. The PI implies the miniaturization of at least 

one of the equipment dimensions, which translates into augmented surface/volume ratio and small 

diffusion paths [30]. Accordingly, the mass- and heat-transfer coefficients are several times larger 

than conventional equipment, whereas the resistances of transport phenomena become negligible. 

Moreover, other benefits are also highlighted about PI; fast response times, higher catalyst 

performance, fewer operation costs (energy expenditure, reagent consumption), environmentally 

friendly and process safety are some of them [27], [30]. 

 

Therefore, PI is an approach worth applying in the P2M context. Typical features of intensified 

reactors are promising to overcome technical challenges encountered by conventional reactors 

such as fixed-bed Sabatier reactors. The primary enhancements entail an increased production 

efficiency due to lower mass transport resistances, the mitigation of hot spots at average conditions 

extending the operating limits, and improved flexibility to deal with intermittency due to faster 

response times. Nonetheless, a lack of PI applications has been reported for P2M and solely on the 
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micrometric scale [22], [31]. The PI concept can be employed to decouple SNG production at high 

CO2 conversion rates (>95%) and under undiluted conditions from a runaway behaviour and the 

consequences derived from it. 

 

This research project was aimed first to comprehend the formation of hot spots in fixed bed reactors 

within an industrial scenario of the P2M context. This target was accomplished via investigating 

different operating windows of typical conditions in a parametric sensitivity fashion. This topic 

was covered in Chapter 2 and presented as a case study of a scientific paper. Furthermore, once 

the major pitfall of fixed-bed reactors in P2M applications related to thermal management was 

addressed, a conceptual design of an intensified reactor was proposed and evaluated under relevant 

industrial conditions. This design involved the simulation of reacting flows as a function of several 

structural parameters. Hence, the question of “up to what degree of miniaturization should the 

intensification be conducted (?)” was addressed in compliance with process productivity and SNG 

quality. The latter was likewise presented as a scientific paper and constitutes Chapter 3 of the 

manuscript.  

 

In the project’s development, no experiments were conducted; instead, the study was entirely 

computer-aided. The objectives were met through the solution of phenomenological models 

describing well-known conservation laws and expressed by sets of partial differential equations 

(PDEs) for space- and time-dependent problems. Therefore, a numerical approximation was 

required owing to the mathematical complexity of the systems. Accordingly, the Finite Element 

Method (FEM) was adopted through both open-source and commercial software. The open-source 

computational platform named FEniCS plus distinct Python modules were employed in Chapter 

2, whereas the software COMSOL Multiphysics® was used in Chapter 3 to meet the research goals 

and perform the corresponding modelling and simulation tasks. It was deemed that the best way 

to provide a conceptual framework for the numerical-computational approach was through a case 

study that could serve as a proof-of-concept, as presented in the following section. 

 

1.2 Baseline Theoretical Framework 

The case study consists of a system widely investigated in the nuclear engineering field, but which 

ultimately leads to a mathematical and phenomenological problem commonly employed 

interdisciplinarity. In broad terms, the power produced in a nuclear reactor has its origin from a 

nuclear fuel, where water vapor is used as an intermediary within the thermoelectric power 

generation cycle. This process often occurs in a Pressurized Water Reactor (PWR), where the 

reactor vessels are formed by a fuel rod covered by the so-called cladding rod [32]. The former is 

generally made of uranium dioxide (UO2), constituting the source of nuclear energy. The latter is 

usually made of a corrosion-resistant zirconium alloy, whose primary function is to prevent 

radioactive material leakage resulting from nuclear fission. The nomenclature used in Chapter 1 is 

listed at the end of the Chapter for ease of reading (refer to Section 1.3).  
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The case study layout, including power generation value and geometric data, were taken from [33]. 

The task was to reproduce the heat transport phenomena along the solid body (fuel and cladding 

rods), given some geometrical parameters, transport properties (i.e., conductivity), and a constant 

volumetric heat generation value. The problem is, therefore, to solve the general heat transport 

equation by conduction, defined as:  

𝜌𝐶𝑝

𝜕𝑇

𝜕𝑡
= ∇ ∙ (𝑘∇𝑇) + 𝑓 . (1.1) 

 

Eq. (1.1) is a conservative governing equation derived from Fourier’s law that describes the 

temperature field’s distribution along a given body over time. Herein 𝑓 accounts for a source term 

or, in this case, the volumetric power generation caused by nuclear fission (𝑞v, W/m3). The 

problem is solved in steady-state and without considering axial variations along the fuel and 

cladding rods for simplicity. Therefore, after neglecting the axial coordinate, the domain is limited 

to a circular area, as shown in Figure 1-1.  

 
Figure 1-1. Mathematical scheme of reactor vessel (fuel and cladding rods). 

 

Note that the Eqs. (1.2)-(1.4) are displayed schematically in Figure 1-1. Eq. (1.2) accounts for the 

heat-transfer PDE to be solved over the domain Ω, whereas Eqs. (1.3)-(1.4) describe the boundary 

conditions (b.c.) for the cladding and fuel rods, respectively.  
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−∇ ∙ (𝑘(𝑇) ∇𝑇) = 𝑞v  in 𝛺,   (1.2) 

Ω 

𝑘(𝑇)
𝜕𝑇

𝜕𝑛
= ℎ(𝑇 − 𝑇𝑏𝑢𝑙𝑘) 

Cladding rod b.c.  

on 𝛤𝑐𝑟 ℂ ∂Ω 
− Robin type (1.3) 

𝑇 = 𝑇𝑓𝑟 

𝐹𝑢𝑒𝑙 𝑟𝑜𝑑 b.c.  

on 𝛤𝑓𝑟 ℂ ∂Ω 
− 𝐷𝑖𝑟𝑖𝑐ℎ𝑙𝑒𝑡 type (1.4) 

Fuel rod 

Cladding rod 
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1.2.1 Numerical approach 

The numerical method applied to solve any of the emerging phenomenological models throughout 

the document was the finite element method. The following explanation grants a brief description 

of this method through its application to the aforementioned case study. More comprehensive 

reviews on the FEM can be found elsewhere [34]–[36]. 

 

The elementary principle lies in the approximation of the function 𝑇, as the dependent variable in 

Eq. (1.2), by a linear combination of known so-called basis or trial functions, according to the 

following expression:  

𝑇 ≅ 𝑇ℎ = ∑𝑇𝑗𝜙𝑗  .

𝑁

𝑗=1

 (1.5) 

Herein, 𝜙𝑗 denotes the trial functions, 𝑇𝑗 the coefficients of the linear combination of trial 

functions, and 𝑇ℎ the approximation of 𝑇. Thus, the issue is to find the coefficients that yield the 

best estimate of 𝑇. 

 

Notwithstanding, before applying Eq. (1.5) to approximate the function 𝑇 by finite elements, the 

mathematical set must be rewritten as a variational problem (also known as the weak formulation). 

To formulate the variational problem, each PDE is multiplied by a so-called test function 𝑣 and 

integrated over its particular domain. The weak formulation for Eq. (1.2) can be derived as follows: 

∫ 𝑣 [−∇ ∙ (𝑘(𝑇) ∇𝑇) − 𝑞v] 𝑑𝑥
Ω

= 0 (1.6) 

−∫ 𝑣 [∇ ∙ (𝑘(𝑇) ∇𝑇)] 𝑑𝑥
Ω

= ∫ (𝑘(𝑇)∇𝑇 ∙ ∇𝑣) 𝑑𝑥
Ω

− ∫ (𝑘(𝑇)
𝜕𝑇

𝜕𝑛
∙ 𝑣)  𝑑𝑠

𝜕Ω

 , (1.7) 

∫ (𝑘(𝑇)∇𝑇 ∙ ∇𝑣) 𝑑𝑥
Ω

− ∫ (𝑘(𝑇)
𝜕𝑇

𝜕𝑛
 𝑣)  𝑑𝑠

𝜕Ω

− ∫ (𝑞v 𝑣) 𝑑𝑥
Ω

=  0 , (1.8) 

Ϝ(𝑇, 𝑣) = −∫ (𝑘(𝑇)∇𝑇 ∙ ∇𝑣) 𝑑𝑥
Ω

+ ∫ (𝑞v 𝑣) 𝑑𝑥
Ω

+ ∫ (𝑘(𝑇)
𝜕𝑇

𝜕𝑛
 𝑣)  𝑑𝑠

𝜕Ω

= 0 . (1.9) 

All the second-order terms are integrated by parts as expressed in Eq. (1.7). Recall from Figure 

1-1 that the heat equation is tied to a Robin-type boundary condition (b.c.) at the outer boundary 

(cladding rod) and a Dirichlet-type at the edge of the fuel rod. Note that only the Robin-type is 

incorporated in the path-integral, whereas the Dirichlet b.c. vanishes.  

 

The major reason for the variational formulation to be derived is its lesser requirements relative to 

the original PDE (i.e., no 2nd-order derivatives are involved). Thus, the set of equations is said to 

be relaxed or weakened in an integral sense, yet the problem’s mathematical definition is still 
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exact. After turning the original PDE into a variational problem, the discretization can proceed 

using the Galerkin method as one of the various FEM formulations. The latter implies that test and 

trial functions (𝑣 and 𝜙𝑗) belong to the same function space (i.e., the Hilbert space 𝐻), which is 

often expressed in the following fashion,  

{𝜙𝑗}𝑗=1

𝑁
 for 𝑇ℎ ∈ 𝐻(𝛺)     𝑎𝑛𝑑     {�̂�𝑖}𝑖=1

𝑁
for 𝑣 ∈ 𝐻(𝛺) . (1.10) 

Inserting Eqs. (1.5) and (1.10) into the weak formulation given by Eq. (1.9) yields a discrete form 

of the original PDE, as shown below, 

Ϝ(𝑇ℎ, 𝑣) = −∫ (𝑘 ∇𝑇ℎ ∙ ∇𝑣) 𝑑𝑥
Ω

+ ∫ (𝑞v 𝑣) 𝑑𝑥
Ω

+ ∫ (𝑘
𝜕𝑇ℎ

𝜕𝑛
 𝑣) 𝑑𝑠

𝜕Ω

= 0 , (1.11) 

Ϝ(𝑇ℎ, 𝑣) = ∑𝑇𝑗

𝑁

𝑗=1

∫ −(𝑘 ∇𝜙𝑗 ∙ ∇�̂�𝑖) 𝑑𝑥
Ω

+ ∫ (𝑞v �̂�𝑖) 𝑑𝑥
Ω

+ ∫ (𝑘
𝜕𝜙𝑗

𝜕𝑛
 �̂�𝑖)𝑑𝑠 = 0

𝜕Ω

 . (1.12) 

Accordingly, Eq. (1.12) is applied to every finite element over the discretized domain Ω giving 

place to a square system of equations. Herein, the vector of unknowns comprises the coefficients 

𝑇𝑗 that accompany the discrete trial-space’s basis functions that approximate 𝑇. The mathematical 

set resulting from the discrete variational formulations is then rearranged in a matrix fashion to be 

assembled before computation. The solution strategy depends on whether the system is linear or 

not. For instance, a Gauss-Seidel based-solver may be employed for linear problems, whereas 

Newton method will work for the opposite. In this case, since conductivity is a temperature-

dependent variable, it constitutes a nonlinear problem.   

 

1.2.2 Computational implementation  

The mathematical scheme shown in Figure 1-1 was solved via FEM by employing an open-source 

computing platform known as FEniCS. With high-level Python and C++ interfaces, the FEniCS 

Project is a collection of open-source software components directed at the automated solution of 

PDEs using the finite element method [37]–[40]. The minimum requirement of FEniCS to be able 

to solve a set of PDEs consists of providing the non-discrete variational form for each equation. 

Furthermore, the basis and test functions must also be declared, indicating the polynomial family 

to which these belong, the geometry of the domain, and the type of finite elements discretizing it 

(mesh resolution). 

 

Accordingly, the expression Ϝ(𝑇, 𝑣) from Eq. (1.9) was written as a Python program and solved 

using FEniCS abstractions. As a data availability statement, the source codes for this case study 

were uploaded to a public repository on GitHub and can be employed for academic purposes. The 

link to clone the repository is GitHub/mafigueredom/HeatConduction_PDE. The mesh used to 

discretize the domain shown in Figure 1-1 was build using the Python packages pygmsh and 

https://github.com/mafigueredom/HeatConduction_PDE.git
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meshio as detailed later on in Chapter 2 (below). This mesh was made up of 54629 cells (finite 

elements) with 27567 nodes for the fuel rod region on the one hand, and 45875 cells with 23852 

nodes for the cladding rod on the other hand. Moreover, Table 1-1 summarizes the parameters 

used in the case study with their respective values. The correlations for the temperature-dependent 

properties in the case of UO2 (fuel rod) and ZrO2 (cladding rod) can be found elsewhere [41], [42].  

 

Table 1-1. Summary of parameters 

Parameter Value 

𝛤𝑓𝑟 4 [mm] 

𝛤𝑐𝑟 4.65 [mm] 

𝑇𝑓𝑟 400 [°C] 

𝑇𝑏𝑢𝑙𝑘 300 [°C] 

ℎ 41 [kW m−2 K−1] 

𝑞v 0.5968 [W mm−3] 

 

Figure 1-2 presents the finite-element numerical solution for the temperature distribution over the 

nuclear reactor vessel. As shown in Figure 1-2, the reactor vessel has a maximum temperature of 

about 1300 K at the centre of the fuel rod and a minimum of about 580 K at the outer boundary in 

the cladding rod. The energy-transfer from the core to the water vapor depends on the boundary 

temperature. Hence the importance of decreasing the temperature gradient through a high 

conductive across the solid body. 

 
Figure 1-2. Temperature field over the fuel-cladding rod solid body. 
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1.2.3 Analytical approach 

As a reference point for the results obtained numerically, a simplified variant of the problem was 

stated and solved analytically. The Eq. (1.2) was reduced to an ordinary differential form in 

cylindrical coordinates, neglecting any angular and axial variation and assuming symmetry at the 

domain centre point [0, 0]. The streamlined problem, its boundary conditions and analytical 

solution are given in Table 1-2. Two Ordinary Differential Equations (ODEs) expressed by Eqs. 

(1.13)-(1.14) were formulated for the fuel and cladding rod, respectively.   

 

Table 1-2. Summary of the mathematical scheme for the analytical approach. 

Description Fuel rod Cladding rod 

Differential 

form 

1

𝑟

𝑑

𝑑𝑟
(𝑟

𝑑𝑇

𝑑𝑟
) +

𝑞𝑣

𝑘
= 0 (1.13) 

1

𝑟

𝑑

𝑑𝑟
(𝑘 𝑟

𝑑𝑇

𝑑𝑟
) = 0 (1.14) 

Boundary 

conditions 

𝑑𝑇

𝑑𝑟
= 0|

𝑟=0
 , 

𝑇(𝑟) = 𝑇𝑓𝑟|𝛤𝑓𝑟
 

(1.15) 

𝑇(𝑟) = 𝑇𝑓𝑟|𝛤𝑓𝑟
 , 

−𝑘
𝜕𝑇

𝜕𝑟
= ℎ(𝑇(𝑟) − 𝑇𝑏𝑢𝑙𝑘)|

𝛤𝑐𝑟

 
(1.16) 

Analytical 

solution 
𝑇(𝑟) =

𝑞𝑣

4 𝑘
(𝛤𝑓𝑟

2 − 𝑟2) + 𝑇𝑓𝑟 (1.17) 
𝑇(𝑟) =

𝑇𝑏𝑢𝑙𝑘 − 𝑇𝑓𝑟

ln (
𝛤𝑐𝑟

𝛤𝑓𝑟
⁄ )

ln (
𝑟

𝛤𝑐𝑟
) + 𝑇𝑏𝑢𝑙𝑘 

(1.18) 

 

Figure 1-3. Numerical and analytical solutions for the temperature profiles along the cladding 

rod (a), and fuel rod (b) radius. 

(a) (b) 
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As shown in Figure 1-3, the numerical and analytical results are practically equivalent over the 

cladding rod domain, while the opposite is true for the fuel rod, with an error of up to 4.5 %. This 

discrepancy arises due to the ODE-based model’s relative simplicity, in which the conductivity 

was assumed to be at an average UO2 temperature. Although the latter argument equally applies 

to the cladding rod, the ZrO2 conductivity (unlike UO2) is almost temperature-independent in the 

operating range. Nevertheless, the numerical and analytical approaches are consistent with each 

other, reinforcing the reliability of the former. Indeed, it could even be argued that the numerical 

method results are more accurate given the reduced number of assumptions. 

 

1.3 Nomenclature and abbreviations  

Greek letters Subscripts 

Ω Mathematical domain, [−] 𝑖, 𝑗 Mesh element, node index 

𝜕Ω Domain boundaries, [−] 𝑐𝑟 Cladding rod 

𝛤 Mathematical boundary, [−] 𝑓𝑟 Fuel rod 

𝜙 Basis functions Abbreviations 

𝜌 Material density, [kg/mm3] GHGE Green House Gases Emission 

Latin letters 
UNFCCC United Nations Framework Convention on 

Climate Change 

Ϝ Variational formulation, [−] COP21 21st Conferences of the Parties 

𝑣 Test function, [−] CSU Carbon Sequestration and Utilization 

𝐻 Hilbert space NG Natural Gas 

𝑛 Normal vector, [−] SNG Synthetic Natural Gas 

𝑓  Source term, [−] P2M Power-to-Methane 

𝑡 Time, [s] PI Process Intensification 

𝑟 Radial coordinate, [mm] PDEs Partial Differential Equation(s)  

𝑇 Temperature, [K] PWR Pressurized Water Reactor 

𝐶𝑝 Specific heat capacity, [J kg−1 K−1] FEM Finite Element Method 

𝑘 Material conductivity, [W mm−1 K−1] ODEs Ordinary Differential Equation(s) 

ℎ 
Convection heat transfer coefficient, 

[W mm−2 K−1] 

  

𝑞𝑣 
Nuclear volumetric power source, 

[W/mm3] 

  

    

[−] refers to without units. 
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1.4 Objectives 

 

1.4.1 General objective:  

To design an intensified reactor for the Synthetic Natural Gas (SNG) production through 

methanation, using phenomenological and dynamic models, and considering fixed-bed reactors' 

performance as a starting point. 

 

1.4.2 Specific objectives: 

❖ To define and solve a phenomenological and start-up model of a fixed-bed reactor for the CO2 

methanation process to study the hotspot formation inside it. 

❖ To propose a computational toolbox for solving advection-diffusion problems in the chemical 

reactions engineering field using the CO2 methanation as a study case. 

❖ To define and solve a phenomenological model on an intensified reactor for the methanation 

in both steady and transient state for the reactor conceptual design. 

❖ To determine the suitable structural geometry and dimensions of an intensified reactor for CO2 

methanation in terms of flow distribution uniformity, CO2 conversion, and SNG throughput. 

 

 

 

1.5 Research question 

❖ To what scale should the intensification process be extended to overcome the typical 

shortcomings of conventional reactors (namely fixed-bed) employed in the SNG production of 

power-to-methane applications? 
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2. CHAPTER 2: Proposal of an open-source computational toolbox for 

solving PDEs in the context of chemical reaction engineering  

using FEniCS and complementary components 

 

 

This chapter's main purpose within the manuscript is to discuss the downsides faced by 

fixed bed reactors employed in PtM applications for SNG production. To meet this 

purpose, a parametric sensitivity analysis of the most relevant PtM industrial conditions is 

performed. Besides, it is worth noting that the above is presented as a case study in a 

published paper, in which the main goal is to propose a computational toolbox based on 

the FEniCS Project and some Python modules mentioned in Chapter 1 (above). 
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2.1 Abstract 

In this contribution, an open-source computational toolbox composed of FEniCS and 

complementary packages is introduced to the chemical and process engineering field by addressing 

two case studies. First, the oxidation of o-xylene to phthalic anhydride is modelled and used as a 

FEniCS' proof-of-concept based on a comparison with the software Aspen Custom Modeler 

(ACM). The results show a maximum absolute error of 2% and thus a good FEniCS/ACM 

agreement. Second, synthetic natural gas (SNG) production through CO2 methanation is covered 

in further detail. In this instance, a parametric study is performed for a tube bundle fixed-bed 

reactor employing a two-dimensional and transient pseudo-homogeneous model. An operating 

window for critical variables is evaluated, discussed, and successfully contrasted with the 

literature. Therefore, the computational toolbox methodology and the consistency of the results 

are validated, strengthening FEniCS and complements as an interesting alternative to solve 

mathematical models concerning chemical reaction engineering. 

 

 

Keywords: Aspen Custom Modeler; Chemical engineering; FEniCS; Open-source computational 

toolbox; o-xylene oxidation; Power-to-methane. 
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2.2 Introduction 

Computational tools have been evolving considerably, allowing engineers to support their designs 

not only based on heuristics, but also on increasingly complex calculations. Thus, many software 

and computing environments have been developed to address distinct engineering problems for 

industrial applications and research purposes. Mathematical modelling, in which both space and 

time are described based on conservation laws, is expected to improve prediction accuracy since 

it provides detailed information about the system behaviour and helps engineers in the prototyping 

process during the early development stages [1], [2]. Thus, software with solvers capable of 

computing partial differential equations (PDEs) is required. Nonetheless, most are expensive and 

hardly accessible to the industry or academic community, leading to an increasing interest in out-

of-the-box open-source computational tools. 

 

In this research, FEniCS, Gmsh, ParaView and some Python libraries (e.g., pygmsh, meshio, 

NumPy, matplotlib and vedo) are employed to perform the computing, mesh generation and data 

post-processing tasks. The FEniCS Project is a novel open-source computing platform for the 

automated solution of PDE sets using the finite element method (FEM). It offers high-level 

scripting by employing Python as the programming language, which enables not only flexibility 

but also an efficient, streamlined FEM implementation [3]–[5]. Gmsh is an actively maintained 

finite element meshing framework with a built-in CAD engine and a user interface with advanced 

visualization capabilities [6]. ParaView is a well-known software in computer science for post-

processing and visualization applications. It provides cutting edge tools to inspect and analyse data 

both qualitatively and quantitatively [7], [8]. 

 

The FEniCS Project has been used within a wide range of research fields, such as tidal energy, 

geoscience, fluid mechanics, theoretical biology, strain gradient elasticity, biophysics and 

metamodeling [9]–[18]. Abali (2017), for instance, demonstrated several modelling examples with 

different engineering applications through a continuum mechanics approach. However, there is 

currently no literature concerning its application in chemical and process engineering. This paper 

aims to introduce FEniCS and the complementary components as an open-source computational 

toolbox to solve standard chemical reaction engineering problems for research or educational 

purposes. To accomplish the latter, two case studies are proposed and solved. 

 

The first case study consists of a fixed-bed reactor simulation for the selective oxidation of o-

xylene to phthalic anhydride catalysed by V2O5/TiO2. This has been a recognized heterogeneous 

catalytic process within the petrochemical industry [20] and the subject of several studies looking 

for enhanced catalyst and reaction technologies due to the existing risk of thermal runaways [21]–

[27]. This case study became a landmark example for chemical reactor analysis and design in 

assessing hot spot formation, as first proposed by  Froment et al. (1990). It has also been used to 

evaluate other process engineering software, as in the case of Oh and Pantelides (1996), who 
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adopted it to illustrate the capability of process modelling languages using the gPROMS 

framework. It is currently part of the Aspen Custom Modeler (ACM) software documentation as 

an example in the PDE modelling section [30].  

 

In fact, ACM is software developed by AspenTech, a company with high recognition in academia 

and industry, given its background in engineering process modelling, simulation, and optimization. 

Therefore, unlike other open-source platforms/packages that, as well as FEniCS, are intended to 

solve PDEs, ACM not only provides an environment for computing custom-based PDEs with the 

desired level of flexibility and sophistication but is also the only one aimed at modelling and 

simulating engineering processes. Furthermore, ACM takes advantage of the Aspen properties 

databases, enabling the export of customized models as process equipment into other featured 

AspenTech products, such as Aspen Hysys and Aspen Plus. Accordingly, phthalic anhydride 

synthesis is a well-known and studied problem and serves as a proof-of-concept case study of 

FEniCS in the field of chemical and process engineering when comparing the results with the 

solution computed via ACM. Then, the same reactor dimensions and conditions recorded by Oh 

and Pantelides (1996) and the ACM documentation were computed using FEniCS. 

 

On the other hand, the second case study is intended to highlight the computational toolbox 

applicability in a topic of interest to today's scientific community and one of the Energy, Materials, 

and Environment Laboratory's leading research lines. This case is then the foremost approach of 

the paper and addresses the catalytic production of synthetic natural gas (SNG). A state-of-the-art 

research problem immersed in the power-to-methane (P2M) context that has begun to attract 

significant attention is proposed as a promising strategy to reduce global greenhouse gas (GHG) 

emissions while allowing low-carbon footprint power generation [31]. 

 

P2M implies the capture of carbon dioxide (CO2) from distinct GHG sources and its subsequent 

catalytic transformation (chemically known as methanation) into SNG using water (H2O) and 

surplus renewable electricity (e.g., wind, solar, hydro) [32], [33]. One of the major difficulties 

concerning CO2 methanation is appropriate heat management due to its highly exothermic nature. 

This task becomes more challenging within P2M at the industrial level when intermittency is 

introduced to the operation, due to the fluctuations in the hydrogen supply chain (water electrolysis 

powered by renewable energies) [34], [35]. Some investigations have addressed these challenges 

in CO2 methanation by paying attention to the reaction engineering aspects from a modelling and 

simulation perspective. Table 2-1 shows an overview of recent studies in reactor modelling in CO2 

methanation, reporting the simulated systems, model complexity, and software and numerical 

methods thus far employed. 
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Table 2-1. Overview of reactor modelling for CO2 methanation. 

Catalytic reactor 

type 

Model nature Software/Computing 

environment 

Numerical 

method(s) 

Reference 

Fixed-bed Dynamic – 1D 

(PDE) 

CasADi ʧ FVM Zimmermann et 

al. (2020) 

Micro packed-

bed 

Stationary – 1D 

(ODE) 

MATLAB® ode15s NDFs Farsi et al. (2020) 

Slurry bubble 

column 

Dynamic – 1D 

(PDE) 

MATLAB® ode15s MOL/NDFs Lefebvre et al. 

(2020) 

Fluidized-bed Stationary – 1D 

(ODE) 

MATLAB® ode15s NDFs Jia et al. (2020) 

Fixed-bed and 

intensified 

Dynamic – 2D 

(PDE) 

CasADi ʧ FVM Bremer and 

Sundmacher 

(2019) 

Micro-structured 

fixed-bed 

Dynamic – 1D 

(PDE) 

gPROMS 

ModelBuilder 

BFD1 Kreitz et al. 

(2019b) 

Catalyst coated 

on heat exchanger 

Stationary – 2D, 3D 

(PDE) 

COMSOL 

Multyphysics® 
FEM Vidal Vázquez et 

al. (2018) 

Plug flow Stationary – 1D 

(ODE), 3D (PDE) 

COMSOL 

Multyphysics® / 

Ansys® 

FEM/FVM Gruber et al. 

(2018) 

Fixed-bed Dynamic – 1D, 2D 

(PDE) 

n.s./CasADi ʧ n.s./FVM Rätze et al. (2017) 

Fixed-bed Dynamic – 2D 

(PDE) 

CasADi ʧ FVM Bremer et al. 

(2017) 

Microchannel Stationary – 3D 

(PDE) 

COMSOL 

Multyphysics® 
FEM Engelbrecht et al. 

(2017) 

Fixed-bed Stationary – 2D 

(PDE) 

COMSOL 

Multyphysics® 
FEM Ducamp et al. 

(2017) 

Fixed -bed Dynamic – 1D 

(PDE) 

MATLAB® PDE 

solver/ode15s 
FEM/NDFs [48] 

Fixed-bed Dynamic – 1D 

(PDE) 

MATLAB® PDE 

solver/ode15s 

FEM/NDFs [49] 

Fixed-bed Stationary – 2D 

(PDE) 

COMSOL 

Multyphysics® 

FEM Chein et al. (2016) 

 

Fixed-bed 

Stationary – 1D 

(ODE), 2D (PDE) 

MATLAB® ode15s 

and bvp4c-

s/COMSOL 

Multyphysics® 

 

NDFs/FEM 

Schlereth and 

Hinrichsen (2014) 

Fluidized-bed Dynamic – 2D 

(PDE) 

OpenFoam FVM Liu and 

Hinrichsen (2014) 

Abbreviations at the end of the manuscript. ʧ CasADi framework in MATLAB® [53]. n.s. is not specified. 
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According to Table 2-1, seventeen studies have assessed the reaction engineering considerations 

in CO2 methanation through modelling and simulation. In short, most of them (~88 %) relied on 

PDE systems, giving robustness to mathematical modelling. Almost half (~53 %) considered 

dynamic models with the notion that methanation reactors need to handle load intermittency and 

be started up and shut down frequently within the P2M context. Among those, four studies (~23 

%) considered two/three-dimensional (2D/3D) spatial distributions aside from transitory effects; 

in such studies, the finite volume method (FVM) was used. Indeed, Schlereth and Hinrichsen 

(2014) and Rätze et al. (2017) argued the importance of a radial description of the temperature 

profile to have a quantitative evaluation rather than a qualitative trend, especially under dynamic 

reactor operations. Last, only 1 study adopted open-source software to develop the modelling 

calculations, and Liu and Hinrichsen (2014) performed CFD simulations in OpenFoam to analyse 

the hydrodynamics and methanation reactions in a fluidized-bed reactor, which shows the lack of 

employment of open-source tools in the numerical analysis of CO2 methanation systems. 

 

Therefore, in the second case study FEniCS and complementary open-source tools are employed 

to address a chemical engineering problem within the P2M context. More precisely, the effect of 

various operational variables on hot spot formation and CO2 conversion is evaluated in an average 

tube bundle fixed-bed reactor through a 2D dynamic model. The obtained results are qualitatively 

and quantitatively contrasted with the recorded literature to ascertain their reliability, and the 

analysis contributes to creating the big picture of the parametric sensitivity of the CO2 methanation 

process. Together with the first case study, this demonstrates the feasibility of the proposed 

computational toolbox within a research scenario in the chemical and process engineering fields.  

 

The nomenclature and abbreviations used throughout the text are listed at the end of the Chapter 

2 (Section 2.6) for ease of reading. 

 

2.3 Computational toolbox and methodology 

The two case studies are addressed through a series of sequential steps. The first is to identify the 

PDEs (PDE set) describing the modelled phenomena, the computational or discretized domain, 

and the corresponding boundary conditions. Once the former has been established, the second step 

consists of generating the FEM mesh according to the required accuracy. Then, the mathematical 

model is reformulated as a finite element variational problem (also known as the weak 

formulation), followed by a Python program in which the mathematical problem is computed over 

the discretized domain through FEniCS abstractions. The last step consists of storing the data for 

post-processing purposes (e.g., visualization). While Gmsh (in-line with pygmsh and meshio) and 

FEniCS combine the meshing and subsequent FEM application, ParaView (plus certain Python 

modules) is used for data post-processing. Accordingly, the proposed open-source toolbox and its 

interoperability are described in more detail in this section. 
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2.3.1 Mesh generation 

To select an appropriate meshing tool, some of the most commonly used tools were identified 

without any prior attachment. The decision was based on a review article by Spencer Smith et al. 

(2016) and the information available within the FEniCS community. In the former, 27 Mesh 

Generation and Mesh Processing (MGMP) software programs were assessed. Their analysis 

criteria included software maintainability, usability, reusability, and performance. Although this 

research is not completely updated, it provides a general review of the available software in the 

field, their shortcomings, and strengths. 

 

According to this review, the top 5 MGMP projects ranked by quality were CGAL [55], MeshLab 

[56], TetGen [57], snappyHexMesh [58] and Gmsh [6]. All of these methods are open-source and 

demonstrate surface robustness (appropriate error handling). Regarding operating system 

portability, CGAL, MeshLab, TetGen and Gmsh may be supported in Windows, Linux and OSX, 

while snappyHexMesh is only supported in Linux. However, MeshLab and TetGen solely support 

meshing of triangular and tetrahedral elements for 3D polyhedral-type domains, whereas 

snappyHexMesh is used mainly as a mesh generator tool for OpenFoam in 3D meshes containing 

hexahedra and split-hexahedra (where triangulated surface geometries are required as inputs). 

 

On the other hand, both CGAL and Gmsh support 1, 2 and 3D meshes and have been employed 

as FEniCS external mesh generators. In addition, the user may build customized meshes through 

native scripting in each software, which is advantageous because it makes the creation of complex 

geometries more flexible. Notwithstanding, the implementation of Gmsh was found to be easier 

since there seems to be more information in the community forums concerning Gmsh format 

treatment and conversion according to feasible FEniCS inputs. Furthermore, the Python package 

pygmsh enables the creation of finite element meshes through the Python scripting language liaised 

with the Gmsh API [59]. The latter makes the creation of Gmsh meshes more versatile and 

automates the meshing process within the FEniCS computing environment itself. As a result, 

Gmsh (powered by pygmsh) was incorporated in the proposed computational toolbox as the mesh 

generation tool. In addition, Gmsh provided an appropriate refinement for triangular meshes over 

slimline geometries, such as the ones used herein with both case studies. 

 

2.3.2 FEniCS and the FEM 

With high-level Python and C++ as programming languages, FEniCS is a modern collection of 

open-source software components directed at the automated solution of PDEs via FEM [3]–[5]. 

One of the distinguishing features of FEM consists of rewriting the mathematical model as a 

variational problem (also known as weak formulation). To formulate the variational problem, each 

PDE is multiplied by a function 𝑣 (called the test function) and integrated over its respective 

domain, where all the second-order terms are integrated by parts. Eqs. (2.1)-(2.3) briefly describe 
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this procedure with a Poisson-like problem, where 𝑓 accounts for a source term (see Petter 

Langtangen and Logg (2017)). 

−∇2𝑢 = 𝑓       𝑖𝑛 Ω.  (2.1) 

∫ (∇2𝑢)𝑣 𝑑𝑥 =  ∮ 𝑣 ∇𝑢 ds

𝜕Ω

− ∫ (∇𝑣) ∙ (∇𝑢) 𝑑𝑥
ΩΩ

 , (2.2) 

Ϝ(𝑢;  𝑣) = ∫ 𝑣𝑓 𝑑𝑥
Ω

+ ∮ 𝑣 ∇𝑢 ds

𝜕Ω

− ∫ (∇𝑣) ∙ (∇𝑢) 𝑑𝑥
Ω

 , (2.3) 

where Ω refers to the physical domain and ∂Ω refers to the system boundary. Note that the 

boundary conditions are incorporated in the path integral. In addition, both 𝑣 and 𝑢 (trial function 

to be approximated) are functions that belong to so-called settled function spaces. These spaces of 

functions consist of piecewise polynomial functions with particular properties in a way that 

guarantees the continuity of the solution across element boundaries. This research adopts first-

order Lagrange polynomials (P1) to approximate the numerical solutions. Once the weak-

formulation is stated (e.g., Eq. (2.1)), a Python program using the corresponding FEniCS 

abstractions is written. The called solver depends on the nature of the variational problem or 

whether or not the Ϝ statement is linear. The case studies discussed in this paper are nonlinear. 

 

2.3.3 FEniCS and complements: Interoperability 

Figure 2-1 provides a conceptual description of the proposed toolbox interoperability and the 

following procedure to solve the case studies outlined hereafter. Dotted boxes enclose the 

respective stages of the computational workflow, while the continuous boxes compose the 

intercommunication path. 

 

By convention, Gmsh uses the .geo extension (ext.) to create geometric objects before being 

processed in the mesh refinement. The Python package pygmsh provides an alternative to Gmsh 

native scripting through a Python interface [59]. During the creation of geometries (using pygmsh), 

one may mark specific regions in the geometric object as “physical”; thus, they can be later 

interpreted as boundaries (𝜕Ω) or domains (Ω). The mesh object created by pygmsh (.msh ext.) 

employing the Gmsh in-house kernels can be converted into formats that support parallel 

processing. Thus, a preliminary conversion to the XDMF/HDF5 format is required (which is an 

efficient way to store files both in terms of speed and file sizes) [61]. It may be accomplished 

through the Python package meshio since it allows the conversion of .msh files (or other ext.) into 

several formats [62]. The meshio package splits apart the “physical” and “elementary” entities 

stored in the .msh file so that FEniCS may recognize them before discretization. 

 

After that, test (𝑣𝑖) and trial (𝑢𝑖) function spaces are declared based on the type and degree of the 
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selected finite element (polynomial family and order). The latter is followed by the variational 

formulation statement and the solver setup. Next, the simulation is run, and the results computed 

by the FEniCS may be stored for visualization or reused later in Python-FEniCS computations. 

The results are stored in the HDF5 format, which is designed to support I/O parallel operations 

and is useful for high-performance computing (HPC) [60], [63], [64]. 

 
Figure 2-1. Open-source toolbox interoperability. 

 

The next stage in the workflow is the post-processing of data. Since the entire process is performed 

through a Python interface, popular libraries for data manipulation and visualization, such as 

Numpy and matplotlib, or more specialized scientific modules for finite element visualization, 
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such as vedo (formerly known as vtkplotter; Musy et al., 2020, 2019), are available. Regarding 

external tools, ParaView excels as a proper open-source software for the visualization and analysis 

of numerical solutions. This tool includes the ability to handle different formats (e.g., VTK, 

XDMF/HDF5, PVD) and affords a 3D-object interaction environment once the datasets have been 

imported [7], [8]. Finally, a parametric sensitivity study is undertaken to obtain information about 

the mathematical model, with the possibility of being permanently fed back from the same 

analysed data after each simulation. 

 

2.3.4 Case studies 

2.3.4.1 Phthalic Anhydride synthesis 

2.3.4.1.1 Reactor model description 

At the industrial scale, the selective oxidation of o-xylene to phthalic anhydride has been mostly 

conducted in multi-tubular fixed-bed reactors, composed of approximately 2500 to 20000 parallel 

tubes (each 3 m long, with an internal diameter of 2.54 cm) and cooled through circulating molten 

salts [67]. Herein, only a single of those packed-bed tubes was considered. The resulting equations 

for a 2D pseudo-homogeneous model are presented in Table 2-2. The total heat exchanged with 

the cooling jacket is expressed as an integral over the entire tube length (see Eq. (2.6)). 

Danckwerts-type boundary conditions were applied at the entrance of the reactor, whereas the 

initial conditions for compositions and bed/coolant temperature were set to zero and 625 K, 

respectively. The catalytic rate model for V2O5 was assumed to be first-order with respect to each 

reagent, despite the presence of an excess of oxygen during the gas-phase air oxidation of o-xylene 

(Oh and Pantelides, 1996). The physical properties remained constant over the range of the process 

operating conditions and are given in the supplementary material. 

 

Table 2-2. Model equations for the phthalic anhydride synthesis reactor. 

Description Mathematical expression 
 

Eq. 

Mass balance 

for component i 

𝜕𝐶𝑖

𝜕𝑡
 =  − 𝝑 ∙ ∇⃑⃑ 𝐶𝑖 +  𝜀𝐷𝑒𝑓𝑓  (∇2𝐶𝑖) + 𝑣𝑖,.𝑜𝑥𝑦

 𝜌𝑏 𝑟.𝑜𝑥𝑦
 

(2.4) 

Energy balance 

for packed-bed 
(𝜌 Cp)𝑔𝑎𝑠

𝜕𝑇

𝜕𝑡
 =  − 𝝑 ∙ ∇⃑⃑ 𝑇 + 𝜆𝑒𝑓𝑓  (∇2𝑇) + 𝜌𝑏 (Δ𝑅𝐻.𝑜𝑥𝑦

) 𝑟.𝑜𝑥𝑦
 

 

(2.5) 

  

Energy balance 

for cooling 

jacket 

(𝜌 Cp)𝑐𝑜𝑜𝑙

𝜕𝑇𝑐𝑜𝑜𝑙

𝜕𝑡
 =  (𝐹 𝐶𝑝)𝑐𝑜𝑜𝑙

(𝑇𝑐𝑜𝑜𝑙,.𝑓 − 𝑇𝑐𝑜𝑜𝑙) + (U A)𝑤 ∫ [𝑇𝑤(𝑧, 𝐿) − 𝑇𝑐𝑜𝑜𝑙]
𝐿

0

𝑑𝑧 

 

(2.6) 

Boundary 

conditions for 

component i 

𝜀𝐷𝑧

𝜕𝐶𝑖

𝜕𝑧
|
𝑧=0

= 𝜗𝑧(𝐶𝑖 − 𝐶𝑖,.𝑓) 

 
𝜕𝐶𝑖

𝜕𝑥
|
𝑟=0

= 0 

 

(2.7) 
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𝜕𝐶𝑖

𝜕𝑧
|
𝑧=𝐿

= 0 
𝜕𝐶𝑖

𝜕𝑥
|
𝑟=𝐿

= 0 

 

Boundary 

conditions for 

the packed-bed 

Temperature 

𝜆𝑧

𝜕𝑇

𝜕𝑧
|
𝑧=0

= (𝜌 Cp)𝑔𝑎𝑠
𝜗𝑧(𝑇 − 𝑇𝑓) 

𝜕𝑇

𝜕𝑧
|
𝑧=𝐿

= 0 

 

 

𝜆𝑥

𝜕𝑇

𝜕𝑥
|
𝑟=𝐿

= 𝑈𝑤(𝑇𝑐𝑜𝑜𝑙 − 𝑇) 

𝜕𝑇

𝜕𝑥
|
𝑟=0

= 0 

 

(2.8) 

 

2.3.4.1.2 ACM and FEniCS numerical procedure 

This case study was solved in line with the solution methodology previously described. Gmsh 

(powered by pygmsh) was used to mesh the reactor domain, and the corresponding variational 

problem was formulated for Eqs. (2.4)-(2.5) and tied down to Eqs. (2.7)-(2.8). Additionally, the 

same mathematical model was implemented in ACM to validate the FEniCS computation. Two 

numerical methods discretized the spatial domain in the ACM: a 1st-order backward finite 

difference (BFD1) was applied to the axial coordinate, and a 3rd-order orthogonal collocation on 

finite elements (OCFE3) was settled along the radial distribution. Regarding the temporal 

dimension, a simple BFD1 discretization was acceptable in FEniCS while providing stability to 

the system. In contrast, ACM employs the Method of Lines (MOL) for dynamic- and spatial-

distributed problems. As a result, the discretized domain in the ACM was formed by quadrilateral 

elements, unlike the triangular mesh used in FEniCS. This discrepancy hinders the numerical 

comparison of the results. Therefore, once the PDE set was solved in FEniCS, the triangular mesh 

was squared to a matrix of the same shape as the ACM quadrangular mesh (made of 12010 

elements). Likewise, the pygmsh mesh was sufficiently refined with 101040 triangular elements 

to minimize additional errors due to the comparison process, so the nodes within each new square 

element could be averaged. Table 2-3 presents the aforementioned numerical information for both 

computing platforms. 

Table 2-3. Information on numerical methods for case study 1 (using ACM and FEniCS). 

Computing 

platform 

Finite elements Numerical discretization 

Type 
Number of 

nodes 
Axial Radial Temporal 

FEniCS Triangular 101040 FEM BFD1 

ACM Quadrilaterals 12010 BFD1 OCFE3 MOL 

To facilitate the replication of results concerning this case study and an expanded understanding 

of the toolbox scheme shown in Figure 2-1, the detailed variational formulation is given in the 

Supplementary Material along with some results, and the FEniCS/ACM source codes are provided 

as Research Data, made available online for academic and non-commercial use at a public 

repository on GitHub (link: GitHub/mafigueredom/RxEngToolbox). 

https://github.com/mafigueredom/RxEngToolbox


CHAPTER 2: Proposal of an open-source computational toolbox for solving PDEs in the context of 

chemical reaction engineering using FEniCS and complementary components 
 

_____________________________________________________________________________________ 

Design of an Intensified Reactor for the Synthetic Natural Gas Production            P a g e  27 | 112 

through Methanation in the Carbon Capture and Utilization Context.  

Santiago Ortiz Laverde (2020) 

2.3.4.2 Catalytic production of Synthetic Natural Gas (SNG) 

2.3.4.2.1 System description 

The CO2 methanation (Eq. (2.9)), also referred to as the Sabatier reaction, is a strongly exothermic 

reaction; therefore, the catalytic systems in which it is held have been designed to avoid excessive 

overheating. Cooled tube bundle systems are the most commonly used systems for the methanation 

process [31], [33], [35]. These reactors are composed of heat exchangers and reacting tubes of 

relatively small diameters (2 - 5 cm) placed in parallel, which favours heat dissipation and ease of 

temperature management [68], [69]. Accordingly, to analyse a reasonable case study at the 

industrial scale within the P2M context, this paper reproduces the same dimensions evaluated 

previously in [40], [45], as well as some other parameters (e.g., catalyst bed porosity (ε) and 

cooling jacket values). It is assumed that all tubes within the multi-tubular reactor present the same 

behaviour, and thus only one channel is modelled. The simulated system is shown in Figure 2-2, 

and some reactor and catalyst parameters are given in Appendix A (below).  

 
Figure 2-2. Schematic diagram of the tube bundle fixed-bed reactor packed with spherical 

NiAl(O)x for CO2 methanation. 
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CO2 + 4H2 

.
⇔ CH4 + 2H2O,  ∆𝐻𝑅

298𝐾 = −164.9 𝐾𝐽 𝑚𝑜𝑙−1. (2.9) 

 

2.3.4.2.2 Governing equations and model assumptions 

A transient, pseudo-homogeneous mathematical model was employed to simulate the reactor 

operation. The reacting flow modelling for the methanation process results from the coupling of 

governing mass, heat, and flow transport. Herein, the gradient operator ∇⃑⃑  accounts for the vector 
𝝏

𝝏𝒙
�̂� +

𝝏

𝝏𝒛
𝒋,̂ which provides a 2D notation for the model spatial distribution (see Table 2-4). 

 

Table 2-4. Summary of governing equations for the CO2 methanation reactor (pseudo-

homogeneous approach). 

Description Mathematical expression Eq. 

Species 

continuity 

equation 
𝜀
𝜕𝜌𝑖

𝜕𝑡
 =  − 𝝑 ∙ ∇⃑⃑ 𝜌𝑖 + 𝐷.𝑖

.𝑒𝑓𝑓
(∇2𝜌𝑖) + (1 − 𝜀)𝑀𝑖  𝑣𝑖,.𝑆𝑎𝑏

 𝑟.𝑆𝑎𝑏
.𝑒𝑓𝑓

 (2.10) 

Energy equation (𝜌Cp)𝑔𝑎𝑠

𝑒𝑓𝑓
 
𝜕𝑇

𝜕𝑡
 =  −∑(𝜌𝑖Cp𝑖

)

𝑖

𝝑 ∙ ∇⃑⃑ 𝑇 +  𝜆.𝑒𝑓𝑓
(∇2𝑇)  − (1 − 𝜀)(Δ𝑅𝐻.𝑆𝑎𝑏

)𝑟.𝑆𝑎𝑏
.𝑒𝑓𝑓

 (2.11) 

Ergun equation 
𝒹𝑝

𝒹𝑧
 =  − 150

(1 − 𝜀)2𝜇𝑔𝑎𝑠

dp
2𝜀3

𝜗𝑧 − 1.75
(1 − 𝜀)𝜌𝑔𝑎𝑠

dp𝜀
3

𝜗𝑧
2
 (2.12) 

 

Boundary and 

initial conditions 

for component i 

𝜌𝑖ȁ𝑧=0 = 𝜌𝑖, .𝑓 

𝜕𝜌𝑖

𝜕𝑧
|
𝑧=𝐿

= 0 

 

 

𝜕𝜌𝑖

𝜕𝑥
|

 𝑥=𝑅
= 0 

𝜕𝜌𝑖

𝜕𝑥
|

 𝑥=0
= 0 

𝜌𝑖(𝛺)ȁ𝑡=0 = 𝜌𝑖, .𝑖𝑛𝑖 

(2.13) 

 

Boundary and 

initial conditions 

for the packed-

bed Temperature 

𝑇ȁ𝑧=0 = 𝑇𝑓 

𝜕𝑇

𝜕𝑧
|
𝑧=𝐿

=  0 

 

𝜕𝑇

𝜕𝑥
|

 𝑥=0
= 0   

𝜆.𝑒𝑓𝑓 𝜕𝑇

𝜕𝑥
|
𝑥=𝑅

= 𝑈𝑤(𝑇𝑐𝑜𝑜𝑙 − 𝑇)     

𝑇(𝛺)ȁ𝑡=0 = 𝑇𝑖𝑛𝑖  

(2.14) 

 

Further details on the approaches used for the calculation of the mass (𝐷.𝑖
.𝑒𝑓𝑓

) and heat (𝜆.𝑒𝑓𝑓
) 

dispersion effective coefficients can be found in the Supplementary Material. In addition, the 
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effective volumetric heat capacity and other thermo-physical properties are estimated, as shown in 

[45]. In any case, the temperature-dependent correlations for the heat capacity, thermal 

conductivity and dynamic viscosity were obtained by polynomial correlations from the VDI Heat 

Atlas [70]. The pressure drop along the axial reactor coordinate was incorporated through the 

Ergun equation (Eq. (2.12)), while the multicomponent gas mixture was assumed to follow ideal 

gas behaviour. Moreover, the governing equations were solved by subjecting to some boundary 

and initial conditions (BCs) given by Eqs. (2.13)-(2.14) in Table 2-4. No variations were accounted 

for at the reactor inlet leading to Dirichlet (or first-type) BCs. Likewise, the inlet values were also 

set as initial conditions, preventing numerical convergence issues during the simulation start-up. 

A constant wall temperature (justified by high coolant flows) was applied at the reactor wall, 

resulting in a Robin BC for the temperature distribution, while the effective heat transfer 

coefficient at the wall was assumed to be uniform and without thermal resistances along the 

interface. Zero normal gradients in the temperature and species concentration were assumed at the 

central axis and reactor outlet due to symmetry and full flow development, respectively. Last, the 

superficial gas velocity (in the 𝑧 coordinate) was corrected based on the molar flow shift that occurs 

along the reactor, as described by Eq. (2.15): 

𝜗𝑧 = 𝜗𝑧,.𝑓
𝐶𝑔𝑎𝑠,.𝑓

𝐶𝑔𝑎𝑠
⁄  

(2.15) 

 

2.3.4.2.3 CO2 methanation kinetics 

The CO2 methanation (Eq. (2.9)) may take place together with the endothermic reverse water gas 

shift (RWGS) and exothermic CO methanation reactions. Nevertheless, it has been shown that the 

latter two might be negligible under typical CO2 methanation conditions due to the low amount of 

CO produced [40], [71]–[73]. As a result, this case study relies on a state-of-the-art kinetic model 

proposed by Koschany et al. (2016) for the CO2 methanation reaction catalysed by NiAl(O)x and 

evaluated under industrial conditions. The adopted rate model for the CO2 methanation reaction is 

of the type LHHW, as shown in Eq. (2.16): 

 

𝑟.𝑆𝑎𝑏
.𝑖𝑛𝑡𝑟

(𝑇; 𝑝𝑖) =  

𝑘(𝑇) 𝑝.𝐻2
.0.5

𝑝.𝐶𝑂2
.0.5

(1−
𝑝.𝐶𝐻4

𝑝.𝐻2𝑂
.2

𝑝.𝐶𝑂2
𝑝.𝐻2
.4 𝐾𝑒𝑞(𝑇)

)

1+𝐾.𝑂𝐻
(𝑇)

𝑝.𝐻2𝑂

𝑝.𝐻2
.0.5 +𝐾.𝐻2

(𝑇)𝑝.𝐻2
.0.5

+𝐾𝑚𝑖𝑥(𝑇)𝑝.𝐶𝑂2
.0.5

  .  (2.16) 

For further details about adsorption and equilibrium constants, as well as parametrization for the 

catalytic rate model, see the Supplementary Material. 

 

Moreover, the intrinsic reaction rate (Eq. (2.16)) is constrained by transport limitations that should 

be considered to estimate the corresponding effective reaction rate. Some studies have shown that 

interphase (external) transport limitations can be neglected for the size of catalytic pellets (~3 mm) 
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[49], [74], in contrast to intraparticle (internal) diffusion resistances, which are not negligible. 

However, the calculation of an effectiveness factor accounting for internal mass-transport 

limitations brings considerable computational complexity. Hence, to avoid this additional 

computation time, an effectiveness factor (𝜂) of 0.1 is used, as reported by Wesenberg and 

Svendsen (2007) and exemplified by Bremer et al. (2017). Eq. (2.17) relates the effective 

(computed with governing equations) and intrinsic reaction rates, where 𝜍 refers to a conversion 

factor. 

𝑟.𝑆𝑎𝑏
.𝑒𝑓𝑓

= 𝜂 𝜍 𝑟.𝑆𝑎𝑏
.𝑖𝑛𝑡𝑟

 .  (2.17) 

 

2.3.4.2.4 Variational formulation 

The variational problem concept mentioned in Section 2.3.2 was applied to Eqs. (2.10)-(2.14), and 

the variational formulation for each governing equation is presented Table 2-5. 

 

Table 2-5. Variational formulation for governing equations (see Table 2-4). 

Description Mathematical expression Eq. 

 

V.F. for species 

mass-transport 

Eq. 15 

Ϝ𝑖
𝑛+1(𝜌𝑖;  𝑣𝑖) = ∫ 𝜀 (

𝜌𝑖
𝑛+1 − 𝜌𝑖

𝑛

∆𝑡
)𝑣𝑖  𝑑𝑥 + (𝝑 ∙ ∇⃑⃑ 𝜌𝑖)

𝑛+1
𝑣𝑖  𝑑𝑥

Ω

 

− ∫(1 − 𝜀) (𝑀𝑖  𝑣𝑖,.𝑆𝑎𝑏
 𝑟.𝑆𝑎𝑏

.𝑒𝑓𝑓
)
𝑛+1

𝑣𝑖  𝑑𝑥

Ω

+ ∫ (𝐷.𝑖
.𝑒𝑓𝑓

 (∇⃑⃑ 𝜌𝑖 ∙ ∇⃑⃑ 𝑣𝑖))
𝑛+1

𝑑𝑥

Ω

 

 

 

(2.18) 

 

V.F. for the 

energy-transport 

Eq. 16 

Ϝ𝑇
𝑛+1(𝑇; 𝑣𝑇) = ∫ [(𝜌Cp)𝑔𝑎𝑠

𝑒𝑓𝑓
]
𝑛+1

(
𝑇𝑛+1 − 𝑇𝑛

∆𝑡
) 𝑣𝑇 𝑑𝑥

Ω

  

+ ∫ [∑(𝜌𝑖Cp𝑖
)

𝑖

𝝑 ∙ ∇⃑⃑ 𝑇]

𝑛+1

Ω

𝑣𝑇 𝑑𝑥 + ∫(1 − 𝜀) (Δ𝑅𝐻.𝑆𝑎𝑏
 𝑟.𝑆𝑎𝑏

.𝑒𝑓𝑓
)
𝑛+1

 

Ω

𝑣𝑇  𝑑𝑥 

+ ∫ (𝜆.𝑒𝑓𝑓
(∇⃑⃑ 𝑇 ∙ ∇⃑⃑ 𝑣𝑇))

𝑛+1

𝑑𝑥

Ω

− ∮ 𝑈𝑤(𝑇𝑐𝑜𝑜𝑙  −  𝑇) 𝑣𝑇  𝑑𝑠𝑤
𝜕Ω

 

 

 

(2.19) 

 

V.F. for the 

Ergun equation 

Eq. 17 

Ϝ𝑝
𝑛+1(𝑃; 𝑣𝑃) = ∫ (

𝒹𝑝

𝒹𝑧
)

𝑛+1

𝑣𝑃   𝑑𝑥

Ω

 + ∫ [150
(1 − 𝜀)2𝜇𝑔𝑎𝑠

dp
2 𝜀3

𝜗𝑧]

𝑛+1

 𝑣𝑃   𝑑𝑥

Ω

 

+ ∫ [1.75
(1 − 𝜀)𝜌𝑔𝑎𝑠

dp 𝜀
3

𝜗𝑧
2]

𝑛+1

𝑣𝑃   𝑑𝑥

Ω

 

 

 

(2.20) 

Global V.F. 

statement 
Ϝ𝑛+1(𝜌𝑖;  𝑇;  𝑃;  𝑣) = ∑Ϝ𝑖

𝑛+1(𝜌𝑖;  𝑣𝑖)

𝑖

+ Ϝ𝑇
𝑛+1(𝑇; 𝑣𝑇) + Ϝ𝑃

𝑛+1(𝑃; 𝑣𝑃) 𝑖𝑛 Ω 

 

(2.21) 

V.F. refers to Variational Formulation 
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Note that all the time-derivative terms can be approximated by a backward finite difference for 

simplicity and stability reasons. Additionally, only Robin-type and non-natural Neuman BCs 

appear in the variational formulation (e.g., Eq. (2.19)). The remainder (Dirichlet and natural 

Neuman) vanish but must be applied to the corresponding 𝜕Ω in the Python program through a 

few FEniCS abstractions, which also constrains the FEM solution to those BCs. 

 

2.3.4.3 Computational aspects 

Specifications regarding the computer equipment employed to perform the computations are 

summarized in Table 2-6, where no GPU was utilized. The first case study was solved via serial 

processing despite the fine mesh employed on it, contrary to the second case in which the 

simulations were run by parallel execution. The reason for this is the numerical complexity 

exhibited by the set of PDEs in the second case study (despite the coarser mesh used on it), for 

which grid independence was achieved on up to 8908 triangular elements. Indeed, FEniCS offers 

flexible parallel computing by partitioning the domain, while the solver computes the solution for 

each piece separately. This process is accomplished by harnessing the I/O parallel capabilities 

provided by the XDMF and HDF5 files. 

 

Table 2-6. Computational resources. 
Operating system Windows Subsystem for Linux 

Processor Intel(R) Xeon(R) CPU E5-1620 v4 @ 3.50 GHz 

CPU cores 4 Cores, 8 Logical Processors 

Installed physical RAM 32.0 GB 

Hard Disk Drive (HDD) 4TB Hard Drive SATA - 5400 RPM 3.5-inch 

This architecture and FEM setup led to CPU times of less than 1 h and approximately 3 h per 

simulation for the first and second case studies, respectively. Furthermore, dynamic simulations 

used 500 steps over the total discrete time in both cases (5 s for the former and approximately 

1000-1500 s for the latter). In general, 3D simulations were found to be extremely computationally 

expensive without further differences in the results from the 2D equivalent cases. 

 

2.4 Results and discussion 

2.4.1 Case study 1 – Phthalic anhydride synthesis 

The presence of excess oxygen in the selective oxidation of o-xylene to phthalic anhydride causes 

the reaction rate model to be dependent only on kinetic terms rather than thermodynamics. Then, 

the oxidation reaction behaves irreversibly with complete conversion as the maximum possible, 

along with thermal effects within the system of the one-way direction. Moreover, while the 

conversion presents negligible radial gradients, the temperature profile shows a distinct radial 
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variation due to the formation of a hot spot. Thus, comparing the results from both FEniCS and 

ACM is acceptable to contrast the conversion profile along the reactor’s mid-axis and the 

temperature over the entire domain. All the contrasting results were retrieved from the last step in 

the dynamic simulation (stationary state reached). Figure 2-3 shows the conversion profile in both 

platforms with a complete conversion near 0.2 (z/L) and a maximum absolute error of ~0.64 %, as 

defined in Eq. (2.22). 

𝛿 = 100 ∙ |
(𝑛𝑗

.𝐹𝐸𝑛𝑖𝐶𝑆
− 𝑛𝑗

.𝐴𝐶𝑀
)

𝑛𝑗
.𝐴𝐶𝑀⁄ |   (2.22) 

 

 
Figure 2-3. Profiles of o-xylene conversion obtained in both FEniCS and ACM. 

 

On the other hand, the fine FEniCS mesh as described in Section 0 was adapted by averaging node 

values per quadrilateral element to enable a comparison between the 2D distributed profiles. This 

approach is considered fair enough, as the maximum coefficient of variation (CV) per element in 

the new quadrangular mesh was below 1% (see Supplementary Material). Figure 2-4 shows the 

absolute error between the thermal maps obtained from FEniCS and ACM. This error was 

calculated using Eq. (2.22) per equivalent node (𝑛𝑗) over the 2D discretized domain. No error 

above ~2 % was found, and the most significant differences were contemplated over the hot spot 

region and particularly in the proximity of the cooling jacket. 

 

The small differences in both the conversion and temperature profiles are due to the varied 

numerical methods employed in each platform (FEM in FEniCS and BFD1/OCFE3 in ACM). 

Notwithstanding, a solid consistency was found between the results. Regarding the CPU times, 

FEniCS performed faster than ACM by a factor of ~1.7, although the triangular mesh employed 

in FEniCS had ~8 times more finite elements than the ACM quadrangular mesh. It is worth noting 
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that the FEniCS simulations were not executed in parallel, which would undoubtedly further boost 

their performance in a future scenario. 

 

 
Figure 2-4. Absolute error for the FEniCS and ACM contrasted thermal maps. 

 

2.4.2 Case study 2 – SNG synthesis 

The aforementioned mathematical model in Section 2.3.4.2 was solved exclusively with the 

proposed computational toolbox due to the large number of equations involved. Therefore, the 

FEniCS results were solely compared with the literature, where most studies address thermal 

performance aspects as an inherent feature of CO2 methanation. The subsequent sections present 

and discuss the results obtained on the formation of hot spots and overall CO2 conversion as part 

of the last stage in the already described workflow (refer to Section 2.3.3).  

 

2.4.2.1 CO2 methanation and reactor hot spots 

The heat generated by an exothermic reaction within a fixed-bed reactor operating at a constant 

wall temperature may eventually overcome the heat removal rate of the cooling jacket, inevitably 

increasing the temperature in a particular region on what is called a hot spot. The transient 

evolution of the temperature profile during hot spot formation in the reaction channel is used not 

only to explain the phenomenon itself, but also to illustrate a dynamic visualization example of the 

mentioned toolbox components (see Figure 2-1). 

 

Figure 2-5 displays the typical thermal map evolution of the packed bed when precise conditions 

for the Sabatier reaction ignition are given (see caption), ending with hot spot formation. At the 

beginning, the reactor is heated due to the difference between the wall and the feed gas 

temperatures (~ t1). This prior heating makes it easier for the reactants to overcome the kinetic 

limitations to initiate the methane production. In turn, the advance of the reaction produces 
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additional energy that ultimately leads the system to exceed the wall temperature, at which time 

the cooling jacket starts removing heat (~ t2). 

 
Figure 2-5. Bed temperature contours along the x-z plane in a single tube of the methanation tube 

bundle reactor (made with ParaView) from the reactor start-up (t1=250 s) until the steady state 

(t6=1650 s). This simulation took place with a reactor feed temperature, pressure, gas velocity, and 

H2:CO2 molar ratio of 400 K, 5 bar, 1 m/s, and 4.8, respectively. In addition, the coolant 

temperature settled at a constant temperature of 500 K. 
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However, the exponential reaction rate temperature dependence leads the reactants to an ignition 

state that makes cooling of the jacket insufficient, forming a hot spot up to a length of 

approximately 2.8 m (𝑧/L = 0.56), for this example. The increase in the hot spot’s max-temperature 

is only slowed down by the almost total consumption of the reagents or the emergence of 

thermodynamic limitations. This indissoluble relationship between temperature and conversion 

along the fixed-bed reactor is shown in Figure 2-6. Finally, after approximately 1650 s of operation 

(~ t6), the system reaches a steady state. 

 

 
Figure 2-6. CO2 conversion and packed-bed temperature profiles along the reactor length (r = 0) 

at a steady-state (t6) for the simulation are displayed in Figure 2-5. 

 

2.4.2.2 Parametric study variables 

One way to validate the results computed by FEniCS and examine the modelled system is to 

conduct a parametric study. This analysis provides information on the system’s sensitivity, whose 

consistency is discussed, and allows us to establish a correlation with that reported so far. In 

addition, data analysis from simulations in the parametric study provides feedback to restate the 

variational problem if reliable results are not entirely achieved and until they are, as indicated in 

Figure 2-1. 

 

On this basis, variations in the coolant temperature, inlet gas velocity, feed reactant ratio, and inlet 

pressure are included. All of them stand as critical process variables that may be subject to 

unintended load changes or are otherwise operational adjustment variables. To choose the variation 

range for each critical variable, thermodynamic and kinetic aspects were considered, as well as 

literature on relevant industrial conditions. Accordingly, all the simulations were run by feeding 
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an undiluted gas mixture of H2/CO2 at 400 K as the inlet temperature, whereas the lower and upper 

range limits for the rest of the process variables are stated in Table 2-7. For each analysis, one 

parameter was exclusively ranged within the stipulated limits, while the others remained constant 

at their respective standard value. The simulations were executed until the system reached a quasi-

stationary state (~1000 s depending on the settled conditions). 

 

Table 2-7. Summary of critical variables and their operating limits within the CO2 methanation 

reactor. 

 

 

 

 

 

 

In the parametric assessment, two key features were assessed: CO2 conversion and temperature 

axial distribution. In the case of ignition, the hot spot location, maximum temperature and runaway 

temperature were discussed. Otherwise, the reaction is said to be either extinguished (overcooled) 

or just restrained for distinct reasons. Moreover, two targets were established for the bed 

temperature and CO2 conversion: for the former, a maximum limit of 775 K, assuming catalyst 

deactivation [35], [36], and for the latter, a tentative minimum CO2 conversion of 90 %, although 

it may vary depending on the regional energy quality policies. The conversion for any species was 

defined as stated in Eq. (2.23). 

 

X𝑖 = 100 ∙ [
(𝐹𝑖ȁ𝑓 − ⌊∑ 𝐹𝑖 𝑗 ⌋

𝑧/L=1
)

𝐹𝑖ȁ𝑓
⁄ ]  (2.23) 

 

Although the conversion and bed temperature are generally evaluated as output characteristics, a 

strictly quantitative correlation with the reported characteristics is rather tricky due to the 

simultaneous convergence of multiple factors, such as the reactor/cooling system design, the 

catalytic model employed, and the operating conditions. Notwithstanding, typical patterns derived 

from the Sabatier reaction thermodynamics were identified and contrasted with the detailed study 

on methanation thermodynamics developed by Gao et al., (2012). Further quantitative correlations 

could be established with the analysis conducted by Bremer and Sundmacher (2019) and 

Zimmermann et al. (2020), given the existence of shared parameters and conditions, whereas 

qualitative trends could be outlined looking at that recorded elsewhere (refer to Table 2-1). From 

here on, the results of the parametric study are presented with pertinent discussions and 

correlations. 

 

Process variable Lower Upper Standard Unit 

Coolant temperature 300 530 500 K 

Inlet gas velocity 0.5 2 1 m/s 

H2/CO2 molar ratio 3:1 7:1 4:1 - 

Inlet gas pressure 1 10 5 bar 
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2.4.2.2.1 Effect of the coolant temperature 

First, the parametric sensitivity concerning the cooling temperature was investigated. Figure 2-7(a) 

shows that the increase in the cooling temperature favours the conversion of CO2, where 

conversions close to equilibrium are reached at coolant temperatures above 500 K. This profile 

shows a fast ignition curve between 495-500 K caused by the exponential dependence of the 

reaction rate on the temperature. The results demonstrate how sensitive the reaction system is to 

the wall (coolant) temperature. 

 
Figure 2-7. Parametric sensitivity analysis on CO2 conversion. (a) Effect of the coolant 

temperature, (b) inlet gas velocity, (c) CO2:H2 molar ratio, and (d) feed pressure. 

 

The observed parametric sensitivity is not only due to methanation exothermicity, but also to the 

high activity of the employed catalyst, as described in the kinetic expression of Koschany et al. 

(2016). Indeed, this characteristic has also been reported by other studies using the same model 

[36], [40], [41], [43]. Two of them were in fixed-bed reactors, while the remaining were in 

microstructured reactors. Regarding the former, Bremer and Sundmacher (2019) found an ignition 

(a) 

(d) 

(b) 

(c) 
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temperature of approximately 465 K, while Zimmermann et al. (2020) reported one up to 515 K. 

Regardless, it always resulted in CO2 conversion near the equilibrium curve. 

 

Furthermore, hot spot formation in terms of location and maximum temperature was also 

investigated. Figure 2-8(a) shows the bed temperature profile along the reactor normalized length 

for distinct coolant values. For coolant temperatures between 300 and 490 K (Figure 2-8(a-

bottom)), the system is forced by heat transfer to reach the boundary (wall) temperature at some 

point, without any deviation. In contrast, for the range of 490 to 495 K, a slight bed temperature 

increment can be appreciated due to low heat accumulation.  

 
Figure 2-8. Parametric sensitivity analysis of (a) coolant temperature and (b) inlet gas velocity on 

the hot spot formation. Black and continuous sharp peaks (top) indicate the presence of hot spots 

due to ignition conditions, while zoomed continuous black curves (bottom) call for overcooling. 

 

Last, values equal to or greater than 500 K generate sharp peaks (hot spots) above the established 

limit target of 775 K, as shown in Figure 2-8(a-top). For this range, the increase in the wall 

temperature not only produces a tiny increment in the hot spot maximum temperature but also 

shows a peak location shift towards the reactor inlet. The precise hot spot position is difficult to 
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validate, but its maximum temperature has been found in the range of 800 to 900 K when using 

the same catalytic model and reactor type [36], [40]. Moreover, using a different kinetic model, a 

parametric study by Schlereth and Hinrichsen (2014) showed a similar trend when evaluating 

coolant temperature, despite the maximum temperatures exceeding 900 K for that operating case. 

 

2.4.2.2.2 Effect of the inlet gas velocity 

Determining the reactor performance under distinct inlet gas velocities is crucial. This parameter 

might be subjected to load changes in the P2M context or purposely manipulated to adjust the 

reactor throughput and the process profitability. Figure 2-7(b) shows that inlet gas velocities below 

1.3 m/s (GHSV = 1560 h-1) result in CO2 conversions of ~90 % or above, all of which are ignition 

points. However, slight gains from 1.3 m/s (e.g., 1.325 m/s - GHSV = 1590 h-1) decrease the CO2 

conversions down to ~55 % and beyond to conversions of 20 % for velocities of 2 m/s (GHSV = 

2400 h-1). 

 

With the same catalytic model, Zimmermann et al. (2020) reported an equivalent parametric 

sensitivity for values of ~1 m/s. Deviations shall be related to calculating the transport resistances. 

In that operating case, a heterogeneous modelling approach was used, rather than the simplified 

fixed effectiveness factor herein. In addition, using different kinetics, Sun and Simakov (2017) 

and Sun et al. (2017) exhibited a similar sensitivity for GHSV ranging from 1000-5000 h-1. 

 

Moreover, Figure 2-8(b) shows the temperature profile along the packed bed for different inlet gas 

velocities. For velocities ≥ 1.325 m/s, there is a small increase in the maximum bed temperature 

relative to the coolant temperature (500 K), although this delta remains below ~56 K. In contrast, 

for lower velocities the presence of steep peaks is evidence of the formation of hot spots. These 

peaks differ in location and height, which is ascribed to multiple residence times. Decreasing the 

inlet gas velocity augments the contact/residence time of the reacting flow with the catalyst and 

diminishes the convective heat transfer, leading to eventual hot spot formation, as would be 

expected. The observed maximum temperature under the runaway condition is in good agreement 

with that noticed by Zimmermann et al. (2020) at approximately 840 K. 

 

2.4.2.2.3 Effect of the CO2:H2 molar ratio 

In this case, the H2:CO2 feed molar ratio was ranged to investigate its effect on CO2 conversion 

and hot spot formation from operation start-up. The reagent ratio at the reactor entrance is a critical 

variable that is likely to undergo fluctuations considering the supply chain in P2M (namely, 

renewable-powered electrolysis and biogas plants). One way to interpret this variable is to assume 

a change in the volumetric flow of the reactants supplied separately, maintaining the overall 

velocity once the mixture is formed. 
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Figure 2-7(c) shows a maximum CO2 conversion (~ 93 %) for an H2:CO2 molar ratio of 4 and the 

highest parametric sensitivity for molar ratios of approximately 4.9 ± 0.01. The minimum 

conversion (~ 64 %) corresponds to a molar ratio of ~ 5.5, with an increase from that value onwards 

(up to ~ 67 %) until 7:1. In addition, the bed temperature in the centreline surpasses the wall 

temperature for all ratios, as shown in Figure 2-9(a). Values < 4.9 are ignition points for the 

reaction (top), and the opposite is true for molar ratios ≥ 4.9. 

 

Figure 2-9. Parametric sensitivity analysis of (a) the feed reagent ratio and (b) pressure on hot spot 

formation. Black and continuous sharp peaks (top) indicate the presence of hot spots due to ignition 

conditions, while zoomed continuous black curves (bottom) call for overcooling. 

 

The effect of the H2:CO2 molar ratio on the system is complicated due to the combined interaction 

of multiple variables, which depend on the gas composition. This effect is outlined for selected 

variables in the Supplementary Material. Herein, the effective reaction rate was singled as the main 

rate. The kinetic model by Koschany et al. (2016) shows a maximum rate near a ratio of 4, which 

may explain the highest conversion achieved under that condition shown in Figure 2-7(c). 

However, this is not consistent with the mere thermodynamic study performed by Gao et al. (2012), 

in which CO2 conversions increase with the H2:CO2 molar ratio up to a value of 6:1. Nevertheless, 
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contrary to the thermodynamic arguments, Kreitz et al. (2019b) also evidenced an inverse 

relationship between the conversion-molar ratio. 

 

Note that the effective reaction rate is susceptible to other factors outside the gas composition (e.g., 

temperature, pressure), which suffer multiple variations during dynamic operation and hinder the 

analysis. The available information about the effect of the molar ratio is fairly nil from a kinetic 

rather than a thermodynamic perspective. Therefore, additional parametric studies on this variable 

should be developed to further explore its dynamic effect on reactor performance at the industrial 

level, beyond the picture outlined here. 

 

2.4.2.2.4 Effect of the feed pressure 

Figure 2-7(d) shows a complex behaviour concerning the reactor feed pressure and its effect on 

CO2 conversion. At low pressures (< ~4.4 bar), CO2 is negatively affected. One reason is that the 

increase in pressure is associated with an extended injection of reactants, with insufficient 

conditions to heat the mixture towards an ignition level, and the residence time does not allow for 

conversions above 70%. Nevertheless, there is an inflection point at approximately 4.4 bar, at 

which the amount of heat released ignites the system long enough, thus triggering CO2 conversion. 

This last circumstance is coupled with the thermodynamic nature of methanation, in which the 

reaction rate is promoted with absolute pressure. This trend is due to the CO2 methanation volume 

reducing behaviour [73]. 

 

The favouring of pressure in the reaction rate is typical of methanation and has been broadly 

demonstrated elsewhere [46]–[48], [50], regardless of the operation case. Furthermore, a 

quantitative comparison can be established with the parametric analysis conducted by 

Zimmermann et al. (2020) with acceptable agreement; as observed in Figure 2-7(d), the same 

inflection point at 4 bar with conversions between 50-60% and an ignition pressure near 5 bar 

resulting in CO2 conversions above 90% were reported therein. 

 

On the other hand, Figure 2-9(b) shows that feed pressures of 5 bar or above result in ignition 

states. A slight increment in the maximum hot spot temperature is also observed as the runaway 

pressure increases. This tendency is ascribed to a higher heat generation relative to an enlarged 

volume of reagents, which triggers chemical kinetics and raises the bed temperature until the 

reagents are consumed. The maximum hot spot temperatures are approximately 800-850 K, 

reasserting the results reported by Zimmermann et al. (2020). 

 

As final remarks, the formation of hot spots is highly susceptible to the investigated inlet process 

variables (namely, coolant temperature, gas velocity, reagent ratio, and pressure) and is a decisive 

factor in the attained overall CO2 conversion. The kinetic component of the reaction rate was 

observed to prevail over its thermodynamic nature. In any case, for safety reasons an operation 
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should avoid conditions of pronounced parametric sensitivity. Last, the computational toolbox 

brings a smooth FEM implementation to numerically solve systems of PDEs commonly found in 

the mathematical modelling of chemical reactors and allows flexible post-simulation data 

manipulation, enabling, for example, the interpretation of the previously discussed parametric 

study. 

 

2.5 Conclusions 

In this contribution, a computational toolbox composed of open-source FEniCS and 

complementary components was employed for the first time in order to solve two case studies in 

the chemical and process engineering field. Phthalic anhydride production was used as a validation 

case study, in which the results of FEniCS were contrasted with ACM software. Indeed, an 

absolute error of up to 2% was recorded after comparing these computational tools. On the other 

hand, the computational toolbox was used to solve a mathematical model that describes CO2 

methanation in a multi-tubular fixed-bed reactor for industrial P2M applications. The simulations 

covered an operating window for critical process variables through a parametric study, in which 

hot spot formation and overall CO2 conversion were chosen as the response variables. From the 

analysis, ignition/runaway conditions and the ranges of high parametric sensitivity that should be 

avoided during reactor operation were identified. The consistency of the results was discussed and 

compared both qualitatively and quantitatively to varying degrees with those reported so far. The 

results were reasonable and in harmony with the existing literature, which validates not only the 

model, but also the reliability of the computational toolbox within a research scenario. 

 

Therefore, FEniCS does serve as a functional computational tool in the chemical and process 

engineering fields. This toolbox is open-source and gives accurate results, judging by the 

comparison made with trusted ACM software and the reports in prior research. Hence, it eases 

access to the scientific and industrial community to address engineering problems. Finally, the 

application extension of the computational tools exposed above in even more diverse and complex 

chemical engineering problems is encouraged and required to further test it. 

 

2.6 Nomenclature and abbreviations. 

Latin letters Subscripts 

𝑢 Trial function, [−] 𝑖 Chemical species: {C8H10, O2, 

C8H4O3, H2O, CO2, H2, CH4} 𝑣 Test function, [−] 

𝑓 Source term, [−] 𝑗 Mesh node index 

Ϝ Variational formulation, [−] 𝑘 Summation index 

𝑛 Mesh node, [−] 𝑧 In axial direction 

𝑥 Radial coordinate, [m] 𝑖𝑛𝑖 Initial in𝑡 

𝑧 Axial coordinate, [m] 𝑜𝑥𝑦 o-xylene oxidation reaction 
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𝑡 Time, [s] 𝑆𝑎𝑏 Sabatier reaction (CO2 methanation) 

R Reactor radius, [m] 𝑐𝑜𝑜𝑙 Coolant 

L Reactor length, [m] 𝑔𝑎𝑠 Gas phase (mixture) 

V Reactor volume, [m3] 𝑐𝑎𝑡 Catalyst phase 

A Area, [m2] 𝑟𝑒𝑓 Reference 

𝐶 Concentration, [mol m−3] T𝑟𝑒𝑓 Given at the 𝑟𝑒𝑓 temperature 

𝑝 Pressure, [bar] 𝑓 Feed 

𝑇 Temperature, [K] 𝑤 Wall 

X Chemical conversion, [1] 𝑏 Bulk 

�⃑⃑�  Fluid velocity vector, [m s−1] 𝑇 Formulation for 𝑇 equation  

𝐷 Diffusion coefficient, [m2 s−1] 𝑝 Formulation for 𝑝 equation 

Cp Specific heat capacity, [J kg−1 K−1] Superscripts 

𝐹 Mass flow, [kg/s] 𝑒𝑓𝑓 Effective 

U Heat transfer coefficient, [W m−2 K−1] 𝑖𝑛𝑡𝑟 Intrinsic 

dp Particle diameter, [m] 𝑚 Mixture 

𝑒 Emissivity Coefficient, [1] 𝑛/ 𝑛+1 Time index or counter 

𝑀 Molar mass, [g mol−1] 𝐹𝐸𝑛𝑖𝐶𝑆 Solution computed by FEniCS 

𝑣 Stoichiometrically coefficient, [1] 𝐴𝐶𝑀 Solution computed by ACM 

𝑟 Reaction rate, [various] Abbreviations 

𝐾𝑒𝑞 Equilibrium constant, [bar−2] GHG Green House Gas 

𝑘 Reaction kinetic coefficient, [mol bar−1 s−1 

gcat
−1] 

P2M Power-to-Methane 

𝐸𝐴 Activation energy, [kJ mol−1] SNG Synthetic Natural Gas 

𝐾.X Adsorption rate coefficient, [bar−0.5] LHHW Langmuir-Hinshelwood-Hougen-

Watson 

∆𝐻X Adsorption enthalpy change, [kJ mol−1] GHSV Gas Hourly Space Velocity 

Ʀ Universal gas constant, [various] ACM Aspen Custom Modeler 

Greek letters 
MGMP Mesh Generation and Mesh 

Processing 

Ω Mathematical domain, [−] HPC High Performance Computing 

𝜕Ω Domain boundaries, [−] API Application Programming Interface 

𝜌 Density, [g m−3] || [kg m−3] PDEs Partial Differential Equation(s) 

𝜆 Thermal conductivity, [W m−1 K−1] BCs Boundary Condition(s) 

λrs Parameter in the computation of 𝜆, [W m−1 

K−1] 

P1 Lagrange polynomials family 

𝜇 Fluid dynamic viscosity, [Pa s] FEM Finite Element Method 

𝜔 Special atomic diffusion volume, [1] FVM Finite Volume Method 

Δ𝑅𝐻 Reaction enthalpy, [J mol−1] NDFs Numerical Differential Function(s) 

𝜀 Catalyst bed porosity, [1] BFD1 1st-order Backward Finite Differences 

𝜂 Catalyst effectiveness factor, [1] MOL Method of Lines 
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𝜍 Unit conversion factor, [various] OCFE3 3rd-order Orthogonal Collocation on 

Finite Elements 

𝛿 Percentage absolute error, [1] CV Coefficient of Variation 

𝛼,𝛽 Kinetic parameters, [various]   

    

[−] refers to without units and [1] to dimensionless units. 
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3. CHAPTER 3: CFD-aided conceptual design of an intensified reactor 

for the production of synthetic natural gas within  

the power-to-methane context 

 

 

This chapter aims to propose a reactor conceptual design to produce SNG in the PtM 

context following an intensification strategy to overcome the shortcomings of conventional 

reactors discussed in Chapter 2 (above). The design is based on a heat-exchanger reactor 

comprising staked-plates with a reaction network of parallel wall-coated channels. The 

design was constrained by the achievement of near isothermal conditions, low-pressure 

drops and a product dry-basis quality that would enable the system to be ultimately 

integrated with the natural gas grid. 
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CFD-aided conceptual design of an intensified reactor for the production of synthetic 

natural gas within the power-to-methane context 
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3.1 Abstract 

The spread of renewable sources within the energy market has boosted the emerging Power-to-

Methane (PtM) concept as an attractive strategy for the transport and storage of surplus power into 

Synthetic Natural Gas (SNG) using several CO2 sources. The challenges represented by the PtM 

context have encouraged the development of reaction technologies adequately adapted to its 

demands. This contribution provides a CFD simulation-aided conceptual design of a heat-

exchanger wall-coated reactor for the SNG production using an intensification approach. The 

design is based on a reactor formed by single-pass stacked-plates comprising a reacting network 

of multiple parallel channels. In the first stage of design, an individual reacting channel including 

the catalytic layer thickness is dimensioned to fulfil a minimum SNG quality given by the CO2 

conversion (≥ 95%), maximizing throughput. In the second stage, the stacked-plates manifold 

geometry and dimensions that best promote a uniform distribution in flow rate are established as 

a function of the number of reacting channels. In the last step, the results are merged and validated 

by means of larger scale simulations, in which replication of the single-channel design point is 

achieved for a full reactor stacked plate. The proposed conceptual design sets a blueprint for future 

design of intensified reactors and overcomes the shortcomings of conventional reactors used for 

PtM applications. 

 

Keywords:  CFD-aided Design, Power-to-Methane, Process Intensification, Heat-exchanger Wall-

coated Reactor 

 

 

 



CHAPTER 3: CFD-aided conceptual design of an intensified reactor for the production  

of synthetic natural gas within the power-to-methane context 
 

_____________________________________________________________________________________ 

Design of an Intensified Reactor for the Synthetic Natural Gas Production            P a g e  50 | 112 

through Methanation in the Carbon Capture and Utilization Context.  

Santiago Ortiz Laverde (2020) 

3.2 Introduction 

Fossil fuels have propelled the progress and technological evolution of the last two centuries, with 

a series of environmental implications proven over the last three decades [2]. The current 

development plans now include sustainable policies based on low- or non-carbon footprint 

technologies, most based on renewable sources. Even so, there are limitations that prevent these 

initiatives from competitively outperforming fossil fuels, such as their inability to maintain a 

supply-base load synchronized with the power demand and their weather-dependent nature (i.e., 

wind flow and solar irradiation), resulting in undesirable strong temporal fluctuations [3], [4]. 

 

The proposal with perhaps major acceptance to overcome the barrier mentioned above is the 

intermediate chemical storage of surplus energy through the so-called Power-to-Gas (PtG) concept 

[5]. According to this notion, the electrical energy otherwise wasted is transformed into chemical 

fuels, in which an electrolysis process to produce hydrogen (H2) is always the first step. Indeed, 

H2 is a clean and valuable energy carrier. However, it has severe technical limitations related to its 

storage and transport [4], [6]. One proposed solution is to convert H2 into fuels, such as methane 

(CH4), with broader supply chains using the existing infrastructure. This conversion is a long-term 

form of energy storage and transport known as the Power-to-Methane concept (PtM) [7], [8].  

 

Accordingly, the synthesis of CH4 from H2 requires a carbon source, which situates the PtM 

concept within the Carbon Capture and Utilization (CCU) technologies [9]. The chemical route 

for the synthesis of CH4 from CO2 and H2, namely Synthetic Natural Gas (SNG), is a catalytic 

reaction known as methanation or Sabatier reaction (Eq. (3.1)).  

 

CO2 + 4H2 

.
⇔ CH4 + 2H2O  ,    (Δ𝑅𝐻

298 K = −164.9 kJ mol−1). (3.1) 

 

PtM has already proven to be a technically realizable technology. The environmental, technical 

and economic feasibility of PtM applications in combination with various carbon sources (i.e., off-

gas, biogas and gasification syngas) has been recorded [4], [5], [10], [11]. An example in the 

industrial scenario is the Audi e-gas Project in operation since 2013, with a total capacity of 6 MW 

[12], [13]. The target is always to have a safe and efficient operation while guaranteeing the desired 

product quality. However, these goals may be somewhat conflicting when dealing with an 

exothermic system as the Sabatier reaction. This issue is particularly noticeable in fixed bed 

reactors which have evidenced their deficiency to manage the released heat from the highly 

exothermic Sabatier reaction, exacerbated by the presence of transfer resistances [14]–[21]. The 

conducted studies have concluded that it is infeasible to carry out the CO2 methanation in 

industrial-scale fixed-bed reactors at high CO2 conversions (> 90%) and under undiluted 

conditions without showing a runaway behaviour. The resulting hot-spots formation is undesirable 
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because of its contribution to catalyst deactivation, yet fixed-bed is the reaction technology most 

widely used commercially for PtM applications [5], [8], [11], [13].  

 

Furthermore, the implementation of alternative reaction technologies has also been investigated. 

Microchannel, structured, fluidized bed, heat exchanger and slurry bubble column reactors are the 

most relevant types of reactors proposed for the PtM concept [22], [23], [32], [24]–[31]. The idea 

behind some of the mentioned alternatives is to intensify the mass and energy transport processes, 

which allows, among others, to reduce the temperature gradient. Consequently, the typical 

formation of hot spots in CO2 methanation can be avoided, allowing a higher-temperature-level 

operation while assuring the desired SNG quality. In this matter, microreaction technologies have 

proven to be superior [33]–[35].  

 

Microreaction technology is the result of a Process Intensification (PI) strategy, as an innovation 

of the chemical process industry. PI has been transformed into a rapidly growing field of research 

and industrial development to modify conventional chemical processes into more efficient and 

safer processes [34]. The intensification is aimed to adjust the characteristic parameters defined by 

the geometry, always resulting in a surface-to-volume enlarger ratio [36]–[38]. The reduction of 

transport distances by appropriately shaping the geometry improves heat- and mass-transfer rates. 

Further, the compaction or miniaturization of a unit operation must be applied to at least one 

system dimensions [34]. 

 

Therefore, the current PI trend consists of designing more efficient devices in terms of enhanced 

reaction control, process safety, energy consumption, operating expenses and environmental 

impact [36], [39]–[41]. Moreover, there are advantages when scaling-up units in the PI context 

over the conventional procedure. The so-called numbering-up is the proposed approach for 

intensified processes, in which the number of parallel operating units is increased without changing 

their single dimensions (i.e., reacting channel miniaturized geometry) [42], [43]. Since the 

redesigning process can be avoided, the latter approach turns out to be faster than the typical pilot-

industrial plant scale-up [39]. However, even with numbering-up, the throughput of an intensified 

process might be insufficient to meet the expected industrial demand. Hence, a central question 

that often comes up is to what extent should the device be intensified as a commitment to process 

productivity (?) [34], [39]. 

 

Intensified devices are generally considered to be in the micrometric scale when at least one of 

their dimensions is under 1000 μm. Below this scale, it has been demonstrated that there are no 

substantial changes in yield, while the opposite is true for dimensions above 1 mm [44]. 

Nevertheless, reducing the characteristic dimensions down to the millimetre range (1 mm – 1 cm) 

is sometimes solely sufficient since the surface-to-volume augmented ratio is still in force. Besides, 

some of the commonly reported downsides of microreaction technologies such as high pressure-
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drop, channel blocking, and uneven flow rates can be prevented on a millireactor scale [37]. Hence, 

in some cases, miniaturization down to the millimetre scale is even a better trade-off than the use 

of microstructured equipment [34], [39]. 

 

Despite the potential benefits of PI in PtM applications, the literature is still limited. Brooks et al. 

demonstrated the performance of a microchannel heat-exchanger unit with the Sabatier reaction, 

aimed at outer space operations and assisted by a one-dimensional plug-flow model [45]. 

Engelbrecht et al. studied relevant steady-state operating conditions in a microchannel reactor with 

a single-channel modelling approach [23]. Kreitz et al. investigated the fluctuating effect of inlet 

compositions on the output of a micro-structured fixed-bed reactor through a comprehensive 

dynamic one-dimensional analysis [26]. Indeed, the latter work was based on a design discussed 

by Gruber et al. for the Sabatier reaction with the evaluation of few structural parameters [24]. 

Further, Farsi et al. conducted tests on a micro packed-bed reactor, focusing on catalytic 

development research by proposing a novel rate model for Ni3Fe [28]. The main focus of the 

relatively scarce literature has been on the evaluation of steady-state and dynamic operating 

conditions based on formerly established micro-structured designs or the development of new 

catalysts. Therefore, the PI concept may be explored deeply in the PtM applications context.  

 

The proposal of a Computer-Aided Design (CAD) for an intensified methanation reactor is the aim 

of this paper. The conceptual design is supported by Computational Fluid Dynamics (CFD) 

simulations of the heterogeneous catalytic reaction and free-fluid domains. Recent examples of 

this nature for intensified systems but distinct processes can be found elsewhere [46], [47]. The PI 

concept is applied to the reactor structural evaluation beyond the micrometric scale, looking for 

better trade-offs in the millimetre range. The design attempts to avoid the hot spots formation, 

attaining a minimum of SNG quality under relevant PtM operating conditions. To the best of our 

knowledge, a CFD-aided design of this kind has not been considered so far for PtM applications. 

 

3.3 Methods 

3.3.1 Design overview 

The dimensioned reaction technology is a heat-exchanger wall-coated system, as depicted in 

Figure 3-1. The reactor comprises single-pass stacked plates, each holding a network of parallel 

semi-circular reaction channels coated with a catalytic layer. The plates are arranged interleaved 

between cooling and reacting flow in a counter-current way. Feed-gas is injected into the inlet 

manifold of each stacked plate and then goes to the parallel channels where the reaction occurs 

due to catalytic effects and operating conditions. The syngas is collected in the outlet manifold of 

each plate and leaves the reactor through a duct. 
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Figure 3-1. Sketch of the heat-exchanger wall-coated reactor. 
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The design process is carried out in three stages: (1) the three-dimensional (3-D) structural 

dimensioning of an individual reaction channel, including the catalytic layer thickness; (2) the two-

dimensional (2-D) design of the distribution/collection manifolds as a function of the number of 

reaction channels and according to the design point selected in stage 1; (3) a set of 3-D simulations 

merging the optimum results of previous design stages, discussing the effect of reaction channel 

elongation on system performance. The governing criteria along the design process are the quality 

of the produced SNG, the reactor throughput and the uniformity of flow distribution over the inlet 

manifold.  

 

In this work, the multiphysics problem of fluid flow, transport of concentrated species, chemical 

reaction and heat transfer are coupled and solved using the commercial software COMSOL 

Multiphysics V5.6. The performed simulations established the best structural dimensions within 

the evaluated micro-to-millimetre scale and under PtM relevant industrial conditions. The 

developed design may be considered conceptual since it does not include an economic or 

manufacturing cost assessment. Further details on the phenomenological model and design 

parametrisation are described in the following sections. 

 

3.3.2 Reactor and kinetic modelling 

The design involves three stages, and the mathematical modelling is subjected to different 

assumptions in each of them, as explained later on. Nevertheless, in this section, the governing 

equations, boundary conditions and reaction rate model are displayed for the system as a whole. 

The nomenclature and abbreviations used throughout the paper are listed at the end of Chapter 3 

(Section 3.6) for ease of reading. 

 

3.3.2.1 Governing equations, model assumptions, and boundary conditions 

Two domains converge mathematically and physically throughout the reactor. There are two 

coexisting gas and solid phases in one domain, while only the gas phase remains in the other. The 

former refers to the reaction flow and porous wall-coated layer where the Sabatier reaction occurs, 

whereas the latter comprises the regions where the gas flows freely without coming into contact 

with the fixed catalyst. In both domains, the phenomenology is expressed through a three-

dimensional Partial Differential Equations (PDEs) system that includes momentum, energy, and 

mass transport with chemical reaction. The set of mathematical PDEs for each domain is presented 

separately without ignoring that both must be coupled at the free-fluid and porous media interface. 

The porous media and free fluid region governing equations are summarized in Table 3-1 and 

Table 3-2, respectively.  

 

The catalytic wall-coated layer is modelled as a pseudo-homogenous porous media where the 

catalytic layer morphological properties (porosity and permeability) are assumed constant. The 

heat and mass dispersion (i.e., back-mixing) within the porous media are incorporated using two 
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properties, the effective binary diffusion (D.α
.eff

) and thermal conductivity (λ.eff
). The former is 

computed according to [48], [49] as a temperature- and pressure-dependent function, involving a 

tortuosity factor correction via Bruggeman correlation based on sphere packing. Regarding the 

effective thermal conductivity, an average relation is implemented via Eqs. (3.2)-(3.3).   

𝜆.eff
= Θ𝜆𝑐𝑎𝑡 + (1 − Θ)𝜆𝑔𝑎𝑠 (3.2) 

Θ = (1 − ε) (3.3) 

The thermal conductivity of the gas is taken from [50], while the catalyst conductivity and porosity 

are assumed constant according to [51] and [26]. See Appendix B (below) for further details. 

 

To forecast the governing momentum transport within the wall-coated catalytic layer, the 

Brinkman-Forchheimer extended Darcy equation is solved along with mass- and heat- transfer 

equations. Herein, the permeability is estimated based on the Kozeny-Carman equation as a 

function of the particle diameter and porosity. The fluid flow is assumed compressible with a Mach 

number (Ma) above 30 % of sound speed. 

 

Table 3-1. Summary of governing equations for the wall-coated catalytic layer. 

Description Mathematical expression Eq. 

Species continuity 

equation 

𝜌 (𝐮 ∙ ∇)𝑤α + ∇ ∙ 𝐣α = (1 − ε)Mα𝑣α,.𝑆𝑎𝑏
R𝑆𝑎𝑏   , 

𝐣α = −𝜌 𝐷.α
.eff

∇𝑤α   . 

(3.4) 

Energy equation 
𝜌𝐶𝑝𝐮 ∙ ∇𝑇 + ∇ ∙ 𝐪 = (1 − ε)(−ΔR𝐻.Sab

)R𝑆𝑎𝑏   , 

𝐪 = −𝜆.eff
(∇𝑇)   . 

(3.5) 

Brinkman- 

Forchheimer 

extended Darcy 

equation 

𝜌
1

ε
(𝐮 ∙ ∇)

1

ε
𝐮 = ∇ ∙ [−𝑝𝐈 + 𝐊] −

𝜇

k
𝐮   , 

𝐊 = 𝜇
1

ε
(∇𝐮 + (∇𝐮)T) −

2

3
𝜇

1

ε
(∇ ∙ 𝐮)𝐈   . 

(3.6) 

Continuity equation ∇ ∙ (𝜌𝐮) = 0   . (3.7) 

 

Also, the multicomponent gas mixture was assumed to follow an ideal gas behaviour. 
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𝜌 =
𝑝

Ʀ 𝑇
∑𝑦αMα

α

 (3.8) 

𝐶𝑝 = ∑(
𝜌α

𝜌
𝐶𝑝α

)

α

 (3.9) 

 

On the other hand, the free-fluid domain is fully homogeneous, where any gas-phase reactions are 

negligible. Accordingly, the governing equations given in Table 3-2 describe the mass, energy, 

and momentum transport phenomena without reacting source terms. Herein the Navier-Stokes 

momentum equation expressed by Eq. (3.12) is computed along the free and non-reacting fluid 

region. 

 

Table 3-2. Summary of governing equations for the free fluid region. 

Description Mathematical expression Eq. 

Species 

continuity 

equation 

𝜌 (𝐮 ∙ ∇)𝑤α + ∇ ∙ 𝐣α = 0   , 

𝐣α = −𝜌 𝐷.α
.m∇𝑤α   . 

(3.10) 

Energy equation 
𝜌𝐶𝑝𝐮 ∙ ∇𝑇 + ∇ ∙ 𝐪 = 0   , 

𝐪 = −𝜆(∇𝑇)   . 

(3.11) 

Navier-Stokes 

equation 

𝜌(𝐮 ∙ ∇)𝐮 = ∇ ∙ [−𝑝𝐈 + 𝐊]   , 

𝐊 = 𝜇(∇𝐮 + (∇𝐮)T) −
2

3
𝜇(∇ ∙ 𝐮)𝐈   . 

(3.12) 

Continuity 

equation 
∇ ∙ (𝜌𝐮) = 0   . (3.13) 

 

The boundary conditions are given in Table 3-3, being characterized as: 

i. Fixed temperature and mass concentrations at the inlet given by Dirichlet boundary 

conditions.  

ii. Fully developed flow for temperature and mass concentrations at the outlet boundary with 

backflow suppression for the velocity.  

iii. No-slip (nil velocity) at the reactor walls according to the Knudsen dimensionless number 

(Kn < 0.001), threshold value below which the continuity statement is valid, and so the 

employed momentum transport equations.  

iv. Convective heat flux at the walls due to heat exchange. 
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Table 3-3. Summary of boundary conditions for the transport phenomena governing equations. 

Description Mathematical expression Eq. 

Species 

continuity 

equation 

𝑤α = 𝑤α,.f    on   Γ𝑧=0 , 

−𝐧 ∙ 𝐣α = 0    on   Γ𝑧=𝐿 , 

−𝐧 ∙ 𝜌𝐷.α
.m∇𝑤α = 0    on   Γ𝑟 . 

(3.14) 

Energy equation 

𝑇 = 𝑇f    on   Γ𝑧=0 , 

−𝐧 ∙ 𝐪 = 0    on   Γ𝑧=𝐿 , 

−𝐧 ∙ 𝐪 = UA(𝑇cool − 𝑇)    on   Γ𝑟 . 

(3.15) 

Navier-Stokes 

equation 

∫ 𝜌(𝐮 ∙ 𝐧)
∂Ω

ds = �̇�    on   Γ𝑧=0 , 

[−𝑝𝐈 + 𝐊]𝐧 = − 𝐧 �̂�ref   ,   �̂�ref ≤ 𝑝ref    on   Γ𝑧=𝐿 . 

𝐮 = 0    on  Γ𝑟  , 

(3.16) 

Γ𝑟 refer to the channel walls boundary 

 

The term UA is the heat transfer coefficient for the wall boundaries. A rigorous calculation of this 

factor is critical in the accurate forecasting of heat removal from the reacting network towards the 

coolant plate. The model is based on the fashion suggested elsewhere [16] but adapted for the 

present work’s reactor design scheme, as shown in Figure 3-1. Stainless-steel (German grade 

SS314) was selected as the most suitable heat-resistance material, given the operating conditions 

and the fact that it has been used in previous reactor designs with similar characteristics [23], [52]. 

The properties for the coolant (thermal oil) and the metal region are taken from [53]. 

 

The several layers involved in the energy transport process between the reaction and coolant 

channels are considered to estimate the heat transfer coefficient. This estimation includes the 

reacting flow (𝛾free), the wall-coated catalytic layer (𝛾𝑤), the metallic wall region (κ𝑤𝑎𝑙𝑙), and the 

coolant fluid (𝛾cool). In the convective heat-transfer model, two types of boundaries are settled for 

the sake of completeness. The reaction channel upper boundary (without catalytic layer) presents 

different transport features compared to the catalytic layer in the semi-circular area. In the latter 

one, the heat-transfer resistances are stronger. Eqs. (3.17 – 3.18) accounts for the heat-transfer 
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coefficients at the upper and catalytic layer boundaries, respectively. Both the coolant and reacting 

flows are assumed to be hydrodynamically and thermally in development.  

 

1

UA
=

1

𝛾free  (
H𝑚𝑐

2 − δ𝑐𝑎𝑡)
+

1

𝛾𝑤  (
H𝑚𝑐

2 )
+

1

κ𝑤𝑎𝑙𝑙
+

1

𝛾cool (
H𝑚𝑐

2 + δ𝑤𝑎𝑙𝑙)
 (3.17) 

1

UA
=

1

𝛾free  (
H𝑚𝑐

2
)
+

1

κ𝑤𝑎𝑙𝑙
+

1

𝛾cool (
H𝑚𝑐

2
+ δ𝑤𝑎𝑙𝑙)

 (3.18) 

 

Further details on the calculation sequence can be found in Appendix B (below). 

 

3.3.2.2 Catalyst diffusion limitations 

The reaction rate is not exempt from transport limitations. There are two types of resistances in 

the wall-coated reactor. The first one is related to the transport from within the free-fluid region 

towards the catalytic layer, while the second one has to do with the gas flow inside the catalytic 

layer, where interphase and intra-particle resistances (namely external and internal) can occur. The 

first type of resistance is accounted for by the mathematical model through the diffusion or 

dispersion coefficient via Eq. (3.4). Meanwhile, the second is considered through an effectiveness 

factor that multiplies the intrinsic reaction rate. 

R𝑆𝑎𝑏 = 𝜂 𝜌
𝑐𝑎𝑡

 r.𝑆𝑎𝑏
.int

 (3.19) 

 

The interphase limitations are generally neglected in the effectiveness factor calculation due to 

high superficial gas velocities [18], [54]. The latter does not apply to intraparticle mass- and 

energy-transfer resistances, which are typically considered due to the particle size and reaction 

exothermicity. Nevertheless, in the current design, the catalytic layer comprises particles ranging 

from 5 to 50 μm, a scale that does not present limitations to the mass and energy transfer despite 

the operating conditions (550 K, 8 bar). As discussed later, the predominant resistance is the 

diffusion from the fluid bulk towards the porous medium as a function of the wall-coated layer 

thickness. 

 

3.3.2.3 Catalytic rate 

The Sabatier reaction may occur together with the endothermic Reverse Water Gas Shift (RWGS) 

and exothermic CO methanation reactions. Nevertheless, it has been shown that the latter two 

might be negligible at typical CO2 methanation conditions due to the low amount of CO produced 

at temperatures below 750 K [16], [26], [51], [55]. As a result, this study relies on the state-of-the-

art kinetic model proposed by Koschany et al. (2016) to describe the CO2 methanation reaction 
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rate. This kinetic model was proposed for NiAl(O)x and evaluated under industrial relevant 

conditions. The adopted Langmuir-Hinshelwood-Hougen-Watson rate model is expressed by Eqs. 

(3.24 – 3.25): 

r.𝑆𝑎𝑏
.int

= 

𝑘(𝑇) 𝑝.H2

.0.5
𝑝.CO2

.0.5
(1 −

𝑝.CH4
𝑝.H2O

.2

𝑝.CO2
𝑝.H2

.4 𝐾𝑒𝑞(𝑇)
)

DEN

⁄
  

(3.24) 

DEN = 1 + 𝐾.OH
(𝑇)

𝑝.H2O

𝑝.H2

.0.5 + 𝐾.H2
(𝑇)𝑝.H2

.0.5
+ 𝐾mix(𝑇)𝑝.CO2

.0.5
 (3.25) 

𝑘(T)  =  𝑘ref exp(
𝐸𝐴

Ʀ
(

1

𝑇ref
−

1

𝑇
)) (3.26) 

𝐾x(T)  =  𝐾.x,.ref
 exp(

∆𝐻x

Ʀ
(

1

𝑇ref
−

1

𝑇
))   (3.27) 

Eqs. (3.26 – 3.27) accounts for the kinetic and adsorption temperature-dependent constants and 

𝐾𝑒𝑞 refers to the equilibrium constant calculated through an empirical correlation according to 

[51], [56]. The conditions under which the above rate model was parameterised were around 423 

K and 723 K, and between 1 and 9 bar (at stoichiometric and non-stoichiometric feeds). The kinetic 

parameters for Eqs. (3.26 – 3.27) are stated in Table 3-4. 

 

Table 3-4. Parametrization for Koschany et al. (2016) catalytic rate equation (Tref = 555 K). 

Kinetic parameter Value Units 

𝑘ref 3.46e-4 mol/ (bar s gcat) 

𝐸𝐴 77.5 kJ/mol 

𝐾OH,.ref 0.50 bar−0.5 

∆𝐻OH 22.4 kJ/mol 

𝐾H2,.ref 0.44 bar−0.5 

∆𝐻H2
 −6.2 kJ/mol 

𝐾mix,.ref 0.88 bar−0.5 

∆𝐻mix −10.0 kJ/mol 

 

3.3.3 Stage 1: Reacting channel design 

The first stage addresses the design of a single reaction channel, which is assumed to have a semi-

circular cross-sectional area and to be of a wall-coated type. In order to design this reactor 

component, the geometry is parameterised through different entities. The particle size (𝑑𝑝), 

catalytic layer thickness (δ𝑐𝑎𝑡), steel wall thickness (δ𝑠𝑡𝑒𝑒𝑙), and reaction channel width (W𝑚𝑐) and 

height (H𝑚𝑐) are used as geometric parameters. A reaction channel length (L) of 70 mm is fixed to 

establish a baseline comparison amongst the several configurations evaluated. Nevertheless, later 
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on, the effect of L on the system performance and how it might improve productivity is discussed. 

A scheme of the simulated reaction channel and its parameterisation is depicted in Figure 3-2. A 

mathematical relationship between those parameters is established as described below. 

 
Figure 3-2. Parameterisation of the reaction channel design. 

 

The particle-resolved theory is used to set a relationship between the particle diameter and the 

catalytic layer thickness. This concept empirically suggests that for packed-bed regions with a low 

catalytic layer to particle diameter ratio (<15), the non-homogeneous bed morphology has a 

significant impact on the fluid dynamics (local flow effects), as well as the heat- and mass-transfer 

uniformity [57], [58]. That is to say, the pseudo-homogeneous assumption for the 

phenomenological model applied in the catalytic domain from Table 3-1 is no longer valid below 

a layer-to-particle ratio of 15. Hence, the minimum ratio is used, yet retaining the applicability of 

the pseudo-homogeneity principle. Further, the catalyst layer thickness can be expressed as a 

fraction (𝑓𝑐𝑎𝑡) of the total channel width, whereas a channel width-to-height ratio of 2 is fixed. 

Accordingly, the described relationships are expressed via Eqs. (3.28 – 3.30).  

δcat = 15 𝑑𝑝 (3.28) 

W𝑚𝑐 = 2 δ𝑐𝑎𝑡/𝑓𝑐𝑎𝑡 (3.29) 

H𝑚𝑐 =
1

2
W𝑚𝑐 (3.30) 

Note that both 𝑑𝑝 and 𝑓𝑐𝑎𝑡 are set as independent geometric parameters in the reacting channel 

design stage. The variation range for both entities is given in Table 3-5. Any parameter change 

implies an alteration in the geometry, thus affecting the energy and mass transfer resistances. For 

instance, the heat transfer coefficient at the boundaries is re-estimated as given by Eqs. (3.17 – 

L 

1

2
W𝑚𝑐 

H𝑚𝑐 
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3.18). As discussed later, the catalytic layer thickness becomes crucial for system behaviour due 

to the transport resistances that depend on it. 

 

Table 3-5. Geometrical variables evaluation range. 

Parameter Lower Upper Units 

𝑑𝑝  5 50 μm 

𝑓𝑐𝑎𝑡 0.05 0.3 1 

 

As shown in Figure 3-2, the reaction channel design is supported by 3-D simulations, coupling the 

whole set of PDEs given in Table 3-1 and Table 3-2 for the free fluid and catalytic domains, 

respectively. The first design stage can be summarized by the scheme depicted in Figure 3-3. 

 

 
Figure 3-3. Stage 1 scheme: design of reaction channel. 

 

The reactor operating conditions remain constant in all the conducted tests to establish a baseline 

in which the design parameterisation gives the only variability. These conditions are depicted in  

Table 3-6 and are selected for being relevant in PtM industrial applications [1], [16], [26], [59]. 

Note that the Gas Hourly Space Velocity (GHSV) plays a fundamental role during the design as it 

is maintained constant. An alteration of the reaction channel geometry may affect the wall-coated 

layer volume (catalytic load) which at the same time changes the processed gas flow through the 

Stage 1: Reaction 

channel design 

o Steady-state 

o Three-dimensional system 

o Mass, heat and momentum transport  

o Chemical reaction 
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channel ratio (𝑓𝑐𝑎𝑡) 

 

Fixed 
• Feed conditions 

• Channel length (L) 

Control/independent 
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reactor according to the fixed GSHV. The volume of the wall-coated layer may be computed using 

built-in functions in COMSOL for numerical space integration.  

 

Table 3-6. Operating conditions for reacting channel. 

Parameter Lower Units 

𝑇f 400  K 

𝑃f 8 bar 

GHSV 5000 h-1 

𝑦H2
 0.8 – 

𝑦CO2
 0.2 – 

𝑇cool 550  K 

 

The reaction channel design criteria within the PI concept is aimed at maximising the reactor 

throughput without ignoring the required gas quality. Therefore, the first reactor component design 

consists of determining the geometry (parameters) favouring the SNG production in compliance 

with the established quality threshold (CO2 conversion above 95 %). 

 

3.3.4 Stage 2: Reactor stacked-plate design 

In order to ensure that the design point established in the first stage can be scalable to all the 

channels that comprise the reacting network, it must be assured that the flow is distributed 

homogeneously in each of the channels once it enters the plate. Thus, keeping an equal residence 

time for every reaction channel, while the overall SNG quality requirement is met, and the 

productivity of one channel is multiplied by the total number of channels in the stacked plate. Two 

features are encountered to influence the flow distribution once the reagents are fed into each 

stacked plate: the manifolds geometry and the total number of parallel channels comprising the 

reaction network (N𝑚𝑐). Each evaluated geometry is tested with a different N𝑚𝑐, ranging from 5 

to 25 equal channels, and incorporating the defined design point for a single reaction channel found 

in the previous design stage (section 3.3.3). 

 

First, a preliminary evaluation to define the best manifold geometric configuration is made 

between four different possibilities, as shown in Figure 3-4. To analyse a diverse set of geometries, 

a triangular manifold configuration (Geo. 1), a square one (Geo. 4) and two curvilinear with 

different angles (Geo. 2, Geo. 3) are proposed, all of which are tested as a function of N𝑚𝑐. The 

latter two are constructed using the so-called Bezier curves. The triangular-like configuration turns 

out to be the one with the optimum laminar flow distribution as discussed later on, and in 

agreement with recorded literature [60]. 
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Figure 3-4. Design of the stacked-plate: velocity field for the proposed geometries with an 

arbitrary number of reaction channels. 

 

Second, two new configurations are examined. In the first one, the fluid is transported freely over 

the manifold from the stacked plate entrance and into the reaction network. In the second one, 

there is a midway obstruction aimed at improving the flow uniformity over the staked plate. Figure 

3-5 depicts a scheme for the evaluated configurations. Both configurations in Figure 3-5 are 

parametrised defining a relationship between the manifold length (L𝑚𝑓𝑙𝑑) and its width (W𝑚𝑓𝑙𝑑), 

in which the latter would depend on N𝑚𝑐. This manifold length-to-width ratio (𝑓𝑚𝑓𝑙𝑑) is expressed 

by Eq. (3.30).  

𝑓𝑚𝑓𝑙𝑑 = L𝑚𝑓𝑙𝑑/W𝑚𝑓𝑙𝑑 (3.30) 

 

Table 3-7 lists the intervals in which both Nmc and fmfld are changed. Accordingly, 65 simulation 

runs (Nmc = 5, 𝑓𝑚𝑓𝑙𝑑 = 13) are performed for each configuration in the second case study (Figure 

3-5). In that sense, a manifolds triangular-like geometry is sized as a function of N𝑚𝑐 looking for 

the best uniform flow distribution. 

 

Table 3-7. Evaluation range for the manifold geometrical parameters. 

Parameter Lower Upper 

N 5 25 

𝑓𝑚𝑓𝑙𝑑 0.6 4 

 

Geo. 1 Geo. 2 Geo. 3 Geo. 4 
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Figure 3-5. Design of the stacked-plate: velocity field scheme for the free (A) and obstructed (B) 

flow configurations. 

 

In any case, the criteria used to determine the best geometric features is the quality or uniformity 

of flow distribution, as described by Eq. (3.31). Herein, the flow distribution is mathematically 

expressed by the relative standard deviation (𝜎) of the fluid velocity in all the reaction channels. 

Fj stands for the averaged velocity (magnitude) along the inlet boundary of each channel. Hence, 

F̅ is the averaged Fj for the total number of channels (N𝑚𝑐). In consequence, a larger relative 

standard deviation implies a lower uniformly distributed flow over the channels. 

𝜎 =
1

F̅
√

∑ (Fj − F̅)
2

j

(N𝑚𝑐 − 1)
 (3.31) 

Moreover, the whole stacked plate design is supported by 2-D simulations assuming an isothermal 

cold flow state (without chemical reaction). In all the tests, a stacked plate is first 3-D designed 

and then sliced through the plane that is halfway up the channel resulting in the respective 2-D 

geometry. Only the momentum transport and continuity governing equations for the catalytic and 

free fluid domains are coupled and solved. Note that in this case, the gradient operator ∇⃑⃑  in Table 

3-1 and Table 3-2 accounts for the vector 
∂

∂x
î +

∂

∂z
ĵ. Still, the operating conditions given in  

Table 3-6 are applied except for feed temperature, in which case, the system is assumed to be at 

the coolant fluid temperature. The second design stage is schematically summarized in Figure 3-6. 

(𝑎) 

(𝑏) 

𝐿𝑚𝑓𝑙𝑑 

W
𝑚

𝑓
𝑙𝑑
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Figure 3-6. Stage 2 scheme: Reactor stacked-plate design. 

 

3.3.5 Stage 3: Three-dimensional stacked plate evaluation 

A first set of simulations (section 3.3.3) is carried out to stablish a design point for the reaction 

channel alone based on yield and quality criteria, and a second set (section 3.3.4) to define the 

manifold geometrical features that allow the best results in terms of flow uniformity.  The stage 3 

aims to merge the results found in the former stages through a reduced number of larger scale 

simulations.  

 

Two case studies are conducted. In the first case the results obtained for a single reaction channel 

in stage 1 are attempted to be replicated when evaluating a 3-D reactor stacked plate composed of 

equal parallel channels (see Figure 3-1) and the reasonability in the assumption of 2-D simulations 

in stage 2 is discussed. N𝑚𝑐 is again taken as a variable factor for the 3-D simulations, using the 

same range defined in stage 2. In the second case, the feasibility of increasing the reactor 

throughput by merely modifying the reaction channels length (L) is studied. Parameter which has 
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so far been kept unchanged at 70 mm in all the simulation sets. Unlike the first case study, in the 

latter N𝑚𝑐 is defined to be constant (N𝑚𝑐=10). The third design stage can be summarized by the 

scheme depicted in Figure 3-7. 

 

 
Figure 3-7. Stage 3 scheme: 3-D evaluation of the entire stacked plate. 

 

3.3.6 Dynamic analysis 

Finally, after defining the channel and the manifold geometry, a preliminary dynamic analysis of 

the system was made through a start-up and shut-down simulation. In this case, the variables were 

oscillated in one direction only and then back to the first point, expecting the system to show 

hysteresis behaviour. Due to the high computational effort, especially in the data storage, a two-

dimensional system was attempted again but involving the whole transport phenomena coupled in 

the fluid and porous medium.  
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The disturbance made to the system to simulate the start-up/shut-down behaviour is shown in 

Figure 3-8. The initial temperature is set to 400 K; nonetheless, after a few milliseconds, the system 

is disturbed through the input gas and coolant temperature. The reactor is fed with a stoichiometric, 

undiluted gas mixture of hydrogen and carbon dioxide at the same pressure and GHSV conditions 

described previously. Likewise, to simulate the shut-down process, after almost 0.04 s, the inlet 

and coolant temperature are smoothly reduced back to 400 K. The remaining conditions, such as 

the gas composition, stay unchanged. 

 

 
Figure 3-8. On-off temperature disturbance. 

 

3.3.7 Computational aspects 

Specifications regarding the computer equipment employed to perform the computations are 

summarized in Table 3-8, where no GPU was utilized. The computational cost varies depending 

on the design stage of each component. For instance, the effort is high for the reaction channel 

design since it is a three-dimensional simulation. Thus, in this case, the simulations were 

performed by refining the regions near the system boundaries where the catalyst layer is located. 

The latter because, in some cases, the thickness of the catalyst layer required it. 

 

For the design of the manifold geometry and the network of parallel reaction channels, firstly, it 

involves a two-dimensional simulation, and secondly, only the velocity and pressure profile are 

solved through the momentum transport equations. Thus, the mathematical complexity is also 

reduced. The mesh resolution, in this case, was affected by the number of reaction channels in the 

simulated stacked-plate. As the number of channels increases, the gas velocity increases according 

to the GHSV, and convergence is impaired. Therefore, in order to alleviate this issue, fine to 

extremely fine meshes were employed according to the COMSOL mesh building definition. 

 

Table 3-8. Computational resources. 
Operating system Windows Subsystem for Linux 

Processor Intel(R) Xeon(R) CPU E5-1620 v4 @ 3.50 GHz 
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CPU cores 4 Cores, 8 Logical Processors 

Installed physical RAM 32.0 GB 

Hard Disk Drive (HDD) 4TB Hard Drive SATA - 5400 RPM 3.5-inch 

 

3.4 Results 

3.4.1 Reacting channel design 

The catalyst layer is affected by the particle size (𝑑𝑝) and the porous layer-to-channel width ratio 

(𝑓𝑐𝑎𝑡) according to the parametrisation previously detailed. Figure 3-9 show the way the wall-

coated volume is increased by higher 𝑑𝑝 and lower 𝑓𝑐𝑎𝑡, where the former is ranged from 5 to 50 

um and the latter between 5% and 30%. In other terms, changing 𝑑𝑝 and  𝑓𝑐𝑎𝑡 alter the channel 

geometry and its surface-to-volume ratio, resulting in distinct transport rates and resistances. 

Acknowledging this relationship is crucial to interpret the results in Figure 3-10 on the reaction 

channel design. 

 

Figure 3-9. Effect of the particle diameter (𝑑𝑝) and the catalyst layer-to-channel width ratio (𝑓𝑐𝑎𝑡) 

on the wall-coated layer volume. 
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Figure 3-10(𝑎) shows the effect of the particle size on the channel temperature at several porous 

layer thickness-to-channel width ratios. The particle size increase implies a larger channel and a 

lower surface-area-to-volume ratio, pointing to lower heat transfer coefficients and higher 

resistances. Consequently, an increase in temperature occurs as expected. Note that Figure 3-10(𝑎) 

displays the maximum temperature reached throughout the entire domain, located at some point 

over the porous medium. Hence it does not describe the system's temperature level.   

 

The second effect shown in Figure 3-10(𝑎) refers to the porous layer-to-channel width fraction 

and the way it affects the maximum temperature reached along the channel. A lower fraction means 

a wider channel and, thus, a lesser surface-to-volume ratio. The latter strengthens the idea that the 

surface-to-volume ratio is the predominant factor. Consequently, a decrease in this relation leads 

to stronger transport resistances accounted by the heat transfer coefficient, and a reduced heat 

removal capability, resulting in energy accumulation and general temperature level increment.  

 

A positive result is the avoidance of hot spots (𝑇 > 775 K) in any of the cases, due to a sufficiently 

effective heat removal. These results agree with those obtained for similar wall-coated systems 

such as the plate heat exchanger exemplified in [25], but  differ from other microstructured reactors 

such as the one studied by Kreitz et al., where, despite being an intensified reactor under equivalent 

conditions, hot spots are present [26]. Clearly, this shows the enhanced heat management of a wall-

coated system over a micro-packed bed one. 

 

Figure 3-10(𝑏) shows the catalyst particle size effect on the CO2 conversion, which is estimated 

using Gauss's theorem expressed via Eq. (3.32).  

XCO2
= 1 − { ∬𝜌CO2

(u ∙ n) dS

z=L

∬𝜌CO2
(u ∙ n) dS

z=0

⁄ } (3.32) 

In rigorous terms, the required gas quality may vary depending on its application and geographic 

conditions. For instance, if the SNG produced is expected to be used as liquid gas (L-Gas) in 

Germany, a minimum CO2 conversion of 98% or higher would be required to assure a methane 

content above 90% on a dry basis [59]. Conversely, if the product requirements are less strict, 

lower conversions might be sufficient. Herein, a CO2 conversion of 95% is taken to be a reference 

point. Therefore, only the results above this baseline are considered as possible design points.  

 

The increased particle size presented in Figure 3-10(𝑏) implies a decay of the conversion evaluated 

at the reactor outlet boundary. This trend is again ascribed to the established geometrical 

relationship shown in Figure 3-9. Larger particle sizes mean thicker catalytic layers, and larger 

mass transfer resistance. Thus, diffusion from the bulk fluid into the wall-coated layer becomes 
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predominant, resulting in slower reaction rates. Likewise, the previous temperature analysis on 

Figure 3-10(𝑎), the 𝑓𝑐𝑎𝑡 strongly affects conversion. In this respect, as the 𝑓𝑐𝑎𝑡 increases from 5% 

to 30%, there are shorter diffusion paths between the bulk fluid and the catalytic layer, which 

improves the reaction rate. Note that comparing different values of 𝑓𝑐𝑎𝑡 at the same 𝑑𝑝 means 

contrasting channels with wall-coated layers with equal thickness but distinct catalytic layer-to-

channel width proportion.  

 
Figure 3-10. Results for the reaction channel design (stage 1). (a) Effect of the particle diameter 

on the maximum temperature achieved along the milli-channel. (b) Effect of the particle diameter 
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on CO2 conversion at the outlet of the milli-channel. (c) Selection of the design point base on the 

minimum required quality and the maximum possible throughput. 

 

Interestingly, when analysing Figure 3-10(𝑎) and Figure 3-10(𝑏) is to observe that the highest 

conversions do not coincide with the highest maximum temperatures. Several factors converge 

and need to be understood simultaneously to explain this phenomenon. The increase of the particle 

size and the volume-to-surface ratio (given by 𝑓𝑐𝑎𝑡) triggers a temperature increase (which favours 

the reaction rate), as well as an increment of the mass transfer resistances, which in any case slows 

down the reaction rate. Consequently, the fact that there is a drop in CO2 conversion indicates that 

mass transfer resistances have a predominantly negative effect even though the system temperature 

level tends to be higher. In other words, the increase in temperature does not mean a larger reacting 

volume but a reduced heat removal capacity. 

 

Figure 3-10(𝑐) presents a comparison of the total throughput in all simulated cases. Following the 

discussion in the previous paragraph, the points highlighted in blood-red denote the geometries in 

which the conversions obtained are above the proposed minimum threshold (XCO2
>0.95). As 

expected, it is observed that as the particle size increases, so does the amount of processed gas. 

Indeed, the increase in particle size implies a higher catalyst load and a superior volumetric flow 

rate of processed gas, given the GHSV (remaining constant at 5000 h-1). Accordingly, the design 

point is selected, being the geometric conditions that enable processing the highest amount of gas, 

still fulfilling the minimum quality limit.  

 

Finally, it is possible to establish the design point (structural parameters), resulting in the reaction 

channel with the best performance within the assessed conditions range. Figure 3-11 shows the 

simulated reacting channel at the design point. Therefore, the original question about the extent of 

the process intensification for the methanation reactor is met. The reaction channel geometry with 

the highest performance fits in the millimetre scale, with a catalytic layer of 300 μm in thickness, 

packed with catalyst particles of 20 μm in diameter and a total length of 70 mm. The catalytic-

layer-to-channel-width fraction is 0.075, indicating that the channel is 8 mm wide and 4 mm high. 

Further, given those structural parameters and spatial velocity (GHSV = 5000 h-1), the gas 

processed per channel is about 12 mL/min with an overall conversion of 95 % and maximum local 

temperature of about 574 K.  

 

The former result stands out as the main outcome of this research, proving the advantages of the 

dimensioned system. The feasibility of operating at a higher temperature level is demonstrated, 

which guarantees on the one hand the fulfilment of the settled quality requirements and on the 

other hand a satisfactory thermal management. A case which, as relevant studies of the PtM 

concept have shown, could not be carried out in conventional reactors under conditions equivalent 

to those simulated in this work [14], [16], [18]. 
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Figure 3-11. Three-dimensional molar fraction scalar field for the CO2 molar fraction. The 

geometry of the reacting channel is presented at the design point. Parametrisation: channel width 

(𝑊𝑚𝑓𝑙𝑑), height (𝑊𝑚𝑓𝑙𝑑) and length (𝐿), and wall-coated thickness (𝛿𝑐𝑎𝑡). 

 

3.4.2 Stacked-plate design 

As mentioned in the methodology (Section 3.3.4), the stacked-plates conceptual design was 

subdivided into two. First, the evaluation of different manifold and collector geometries. Second, 

the study of two type of configurations (free- and obstructed-flow) aimed at improving the gas 

flow uniform distribution over the reaction network. In all the cases, the relative standard deviation 

was used as a baseline calculation to estimate and compare the flow rate uniformity between 

different configurations. Hence, a larger relative standard deviation corresponds to a less uniformly 

distributed flow over the channels. 

 

All the simulation sets for the stacked plate design are 2D, solely considering momentum transport. 

Indeed, the channel is near isothermal since the gas mixture quickly reaches the coolant 

temperature due to the high heat-transfer rate resulting from the intensification approach. Since 

the stacked plate design focuses merely on the system performance across the manifold and up to 

the channels entrance border to guarantee an even flow distribution. Therefore, there is no 

homogeneous reaction which means the reacting flow does not react until it contacts the catalytic 

layer. Without energy release due to reaction, the temperature change is merely attributable to the 

external heat-transfer. Likewise, there is no change in the gas mixture compositions entering the 

stacked plate until it reaches the reacting channels. The above to say that the assumption of 
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suppressing the mass and energy transport equations is valid plus lowers the computational cost 

and makes it easier to perform a large number of runs. 

 

Concerning the evaluation of four geometries and according to Figure 3-12, Geo.1 has the lowest 

deviation regardless of the number of channels, whereas Geo.4 the highest. Notwithstanding, as 

the number of channels in the plate augments, any gap between the 4 investigated configurations 

become negligible. The latter trend is due to the increased gas flow caused by the larger number 

of channels, according to the constant GHSV. Therefore, it is fair to affirm that as the gas flow 

increases, it becomes irrelevant the employed manifold geometry in terms of flow rate distribution 

uniformity. Accordingly, the triangular-like geometry is adopted (so-called Geo.1) as the one with 

the optimum laminar flow distribution among the studied geometries. 

 

 
Figure 3-12. Relative standard deviation obtained for four different manifold geometries and milli-

channels. Triangular-, square- and curvilinear-like alternatives are considered (Geo.1, 2, 3 and 4, 

respectively). 

 

The next step involves the simulation of the selected geometry (Geo.1), evaluating several 

manifold-length-to-width ratios (𝑓𝑚𝑓𝑙𝑑), again as a function of the number of reacting channels. 

Figure 3-13 shows the effect of several manifold-length-to-width ratios (𝑓𝑚𝑓𝑙𝑑) on the stacked 

plate flow distribution at a precise number of milli-channels and for two cases, a free- (𝑎) and 

obstructed-flow (𝑏) configuration. The former (Figure 3-13(𝑎)), in which the fed gas flow freely 

through the manifold and the latter (Figure 3-13(𝑏)), in which the gas was partially obstructed 

halfway through before entering the reacting channels. The relative standard deviation was used 
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as a baseline calculation to estimate and compare the flow rate uniformity between different 

configurations. Hence, a larger relative standard deviation corresponds to a less uniformly 

distributed flow over the channels. 

 
Figure 3-13. Relative standard deviation obtained for a free-flow (𝑎) and an obstructed-flow (𝑏) 

manifold with different number of milli-channels. 

 

In the free-flow case, an increase in the manifold-length-to-width ratio benefits the flow rate 

distribution as it becomes uniform. However, this trend becomes negligible as the same parameter 

increases. In the obstructed-flow case, a substantial improvement in the flow distribution 

uniformity is evident regardless of the number of channels. A standard deviation line of 2.5% is 

drawn as a reference point to facilitate the comparison of both cases. This analysis is crucial if the 

reactor is to be manufactured by minimizing the amount of material utilized. Although a longer 

manifold favours flow distribution, its effect becomes irrelevant and does not justify the use of 

additional material beyond a certain degree. In either case, a manifold with a flow obstruction is 

preferred. 

 

3.4.3 Three-dimensional stacked plate evaluation 

In order to merge the first and second design stages as well as to validate the previous results on a 

larger scale, 3-D simulations of the entire stacked plate are performed. Thus, the dimensions that 

provide the best results for the single reaction channel in terms of yield and quality (design point) 

and for the manifolds regarding flow uniformity are selected. Part of the validation is also to 

discuss the discrepancies that may exist between the results obtained from the 2-D and 3-D 

simulations concerning the manifold design. In the latter case, both the best configurations 

(obstructed flow) and those that suggest a poor flow uniform distribution (free flow) are discussed. 
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Table 3-9 summarises the specifications of each of the simulations that were conducted. In all 

cases a triangular-like geometry (Geo. 1) was adopted because of its superior results compared to 

the other geometries (see Supplementary material). Furthermore, whereas for free-flow 

configurations a constant 𝑓
𝑚𝑓𝑙𝑑

 of 1 was used resulting in 𝝈
𝑀ഥൗ  above 2.5 % (see Figure 3-11), for 

obstructed flow configurations different values of 𝑓
𝑚𝑓𝑙𝑑

 that result in 𝝈
𝑀ഥൗ  below the reference 

(2.5%) were employed.  

 

For the latter, those configurations do not necessarily lead to the minimum deviation, otherwise it 

would imply simulating the stacked-plate with higher material usage. Simulations with the 

maximum number of channels (25) stablished for the previous stages were not incorporated due 

to the high computational effort this requires when dealing with three dimensions.  

 

Table 3-9. Evaluation range for the manifold geometrical parameters. 

N𝑚𝑐 Reaction channel design 
Stacked-plate 

(Geo. 1, free-flow) 

Stacked-plate 

(Geo. 1, obstructed-flow) 

5 

Design point  

(see Figure 3-11) 
𝑓

𝑚𝑓𝑙𝑑
= 1.0 

𝑓
𝑚𝑓𝑙𝑑

= 0.7 

10 𝑓
𝑚𝑓𝑙𝑑

= 1.0 

15 𝑓
𝑚𝑓𝑙𝑑

= 1.5 

20 𝑓
𝑚𝑓𝑙𝑑

= 1.75 

 

Figure 3-14 depicts composition, velocity and pressure profiles for a 10-milli-channel stacked-

plate with flow obstruction, one of the simulated 3-D cases according to Table 3-9. At first glance, 

a uniform flow distribution is observed along the stacked plate where yCO2
 decreases from 20 % 

(stoichiometric ratio) to 2 % as formerly obtained in the single channel simulation while yCH4
 

increases to around 30 %.  

 

Besides, as shown in Figure 3-14(𝑐) the velocity profile shows a noticeable drop in magnitude at 

the plate entrance and in the region close to the blockage. Indeed, there is pressure drop of about 

0.5 pa, still much lower than conventional reactor with about 1 bar [15]. The latter can be justified 

by the fact that the channels are not completely packed as in a fixed bed reactor. Figure 3-14 offers 

a qualitative analysis of one of the multiple 3-D cases in Table 3-9. Nonetheless, in order to 

accurately determine whether or not 3-D simulations validate the results obtained in the previous 

stages, values such as the overall CO2 conversion and the 𝜎
𝑀ഥൗ  for CO2 mass flow and gas velocity 

are derived and compared as shown in Figure 3-15. 
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Figure 3-14. Three-dimensional simulation results for a stacked-plate with flow obstruction, 

comprising 10 reaction milli-channels and a fmfld of 1.0. (a) 3D wireframe perspective of the CO2 

molar fraction profile over the entire stacked-plate. (b) Stacked-plate top view of the velocity 

magnitude profile. (c) Stacked-plate top view of the CH4 molar fraction profile. (d) Stacked-plate 

top view of the pressure drop profile with contour lines. 
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Figure 3-15(𝑎) compares the overall conversion of the entire stacked-plate for the cases with and 

without obstruction, indicating that the latter configurations guarantee a minimum conversion for 

the SNG to be re-injected into the natural gas grid as L-Gas. Indeed, the corresponding conversion 

attained is equivalent to that obtained for the design point (about 95 % of CO2 conversion). It is 

also shown that despite the impoverishment of the uniform flow distribution for the free-flow 

configurations, the CO2 conversion is close to the required minimum L-Gas quality. 

 
Figure 3-15. Three-dimensional validation of the results yielded in the previous design stages 

(Sections 3.3.3 and 3.3.4). (𝑎) Overall CO2 conversion attained for free-flow and obstructed 

stacked-plates as function of the number of reacting milli-channels. (𝑏) Relative standard 

deviation for the CO2 mass flow evaluated at the reaction channels inlet boundary. (𝑐) Comparison 
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of the relative standard deviation for the velocity obtained in the 3D cases and their equivalent 

values in the 2D simulation of Section 3.3.4. 

 

Figure 3-15(𝑏) compares the 𝝈
𝑀ഥൗ  for CO2 mass flow for the obstructed and free-flow 

configurations. Although the discrepancies are not as obvious as with past simulations, it does 

show that there is a noticeable effect of the obstruction that ensures better uniformity in the flow 

distribution and that it is slightly deteriorated as a function of the number of reaction channels. As 

expected, an increase in the number of channels implies a larger mass flow into the reactor.    

 

Figure 3-15(𝑐) compares the 𝝈
𝑀ഥൗ  for the velocity magnitude for the obstructed and free-flow 

configurations but bringing in the results of the 2-D simulations of the second stage. There is a 

clear discrepancy between the 2-D and 3-D results, especially for the free flow configurations. The 

reason is the friction effects generated by the top and bottom walls of the plate which are not 

considered in the 2-D approach which instead assume infinite height. These friction effects turn 

out to be relevant as they further favour a uniform flow distribution. Reducing the system to two 

dimensions relegates the results to a qualitative prediction and is therefore not recommended when 

an accurate sizing is the study aim.  

In the last case analysed, the length of the reaction channels (L) is varied and the implications for 

the system are discussed. Increasing L results in a larger mass flow which, as expected, leads to a 

cumulative heat release explaining the temperature profile in Figure 3-16 (b). At the same time, 

the increase in temperature represents a slight increase in CO2 conversion. Note that in this case, 

the transport resistances are the same regardless of L, since the design point defined in stage 1 

applies equally to all channels. Another result is the pressure drop that naturally occurs with longer 

channels up to 2.25 pa for channels 175 mm long. The main outcome is the feasible increase of 

reactor throughput by enlarging the reaction channels without substantial negative repercussions, 

as hot spot formation, low product quality, pressure drop, or poor flow distribution. 
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Figure 3-16. Effect of channel length on the mass flow standard deviation (a), maximum local 

temperature (b), CO2 conversion (c) and pressure drop (d). 

 

3.4.4 Dynamic analysis  

A preliminary test was carried out to observe the previously designed system response within a 

dynamic environment. It was intended to illustrate a typical PtM catalytic unit case facing 

intermittency. The sudden start-up and shut-down of the operation were simulated using the inlet 

and coolant temperatures as interruption variables. Figure 3-17 shows the axial temperature profile 

(y-axis) over time (x-axis) for a single reaction channel with the dimensions previously 

established. The analysis is performed in milliseconds due to the short time of gas retention within 

the channel. 

 

It is possible to analyse that the system suffers a natural heating as the gas temperature at the 

entrance increases along with the coolant temperature. Despite the rise, there are no hot spots along 

the axial direction, indicating that the speed of heat removal is sufficiently effective. The system 

stabilises near the second 0.035, reaching a temperature similar to that of the inlet. However, once 
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the temperature decreases due to the on-off disturbance at the reactor entrance, the system starts 

its cooling process. Based on the thermal map shown in Figure 3-17, where the cooling rate is 

qualitatively identical to the heating rate, it is fair to affirm that the system response does not 

depend on its history and therefore does not exhibit any hysteresis behaviour. Contrary to what has 

been reported in past studies in packed bed reactors with wrong-way responses [14]. Finally, a 

stationary state of extinction is reached after 0.05 s. 

 

 
Figure 3-17. Dynamic simulation results, start-up of the reactor. 

 

3.5 Conclusions 

In this work, a conceptual design of an intensified reactor to produce synthetic natural gas in the 

context of PtM was developed. The structural design was subdivided into multiple stages, starting 

with a single reaction channel, following the stacked-plates and reaction network design. The first 

was intended to maximise reactor throughput while meeting a product quality requirement given 

by a CO2 conversion above 95 %. The second aimed to find the manifold geometric parameters 

that most benefit a uniform flow distribution, a variable that was quantified based on the flow rate 

relative standard deviation.  

 

The first stage concluded that the most favourable channel geometry, meaning the one that 

complies with the minimum quality threshold and the maximum throughput, was a reaction 

channel in the millimetre scale, with a catalytic layer of 300 μm and catalyst particles with 20 μm 

in diameter. From the second stage, it was possible to establish that the geometry that best 

encourages a uniform flow distribution is triangular (Geo.1). Furthermore, it was evident that 

placing a flow obstruction in the manifold has a considerably improved effect on fluid uniformity. 

The results of the second stage were also presented for stacked-plates with a different number of 

channels. In the last step, larger scale simulations for the entire 3-D stacked plate were performed 
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to validate the former results.  Although important discrepancies were found when comparing the 

uniformity of flow distribution of 2-D and 3-D cases, the proposed configurations for different 

number of channels within the reacting network allowed to guarantee a final SNG quality on which 

its potential injection into the NG grid can be assessed. Besides, reactions channels length might 

be used as way of process scale-up strategy since it is shown no substantial negative effect until 

175 mm in terms of heat management, SNG quality, pressure drop or flow distribution. Last, a 

preliminary dynamic analysis was conducted through the simulation of the operation start-up and 

shut-down. From this last analysis, it can be established that the designed reactor does not present 

a hysteresis behaviour and therefore, it would respond positively within an intermittent 

environment that requires a quick on and off. 

 

As future work the proposed design of an intensified reactor for SNG production should be further 

developed. On the one hand, from a computational point of view, testing the system in a fully 

dynamic scenario that resembles the fluctuations to which PtM technologies are exposed in the 

industrial context. On the other hand, to experimentally validate the results of the computer-aided 

design. Without lab-scale validation, the conceptual design cannot be transformed into a prototype 

in which the intensification concept enhanced features can be exploited. The continuous 

improvement of PtM technologies must be pursued to fully integrate renewable energies with the 

energy grid in the future. 

 

3.6 Nomenclature and abbreviations 

Latin letters Subscripts 

𝑥 x cartesian coordinate, [m] 
α Chemical species: {H2O, CO2, H2, CH4} 

𝑦 y cartesian coordinate, [m] 

𝑧 z cartesian coordinate, [m] j Milli-channel index 

𝑡 Time, [s] 𝑚𝑐 Milli-channel(s) 

𝑝 Pressure, [bar] 𝑚𝑓𝑙𝑑 Manifold 

𝑇 Temperature, [K] 𝑆𝑎𝑏 Sabatier reaction 

𝑤 Species mass fraction, [1] 𝑔𝑎𝑠 Gas phase (mixture)  

𝑦 Species molar fraction, [1] 𝑐𝑎𝑡 Catalyst phase 

C Concentration, [mol m−3] 𝑏𝑒𝑑 Fixed-bed domain 

𝐮 Fluid velocity vector, [−] 𝑤𝑎𝑙𝑙 Wall-coated layer 

𝐣 Mass flux, [kg m−2 s−1] 𝑤 Reactor wall 

𝐪 Heat flux, [W m−2] cool Coolant 

𝐈 Identity matrix, [−] free Free reacting flow 

𝐧 Normal vector, [−] ref Reference 

R Molar reaction rate, [mol mcat
−3 s−1] f Feed 

r Mass-based reaction rate, [mol gcat
−1 s−1]   

M Molar mass, [g mol−1] Abbreviations 
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𝑣 Stoichiometrically coefficient, [1] PtG Power-to-Gas 

𝐷 Diffusion coefficient, [m2 s−1] PtM Power-to-Methane 

k Material permeability, [N/A2] CCU Carbon Capture and Utilization 

𝑑𝑝 Particle diameter, [m] SNG Synthetic Natural Gas 

𝐶𝑝 Specific heat capacity, [J kg−1 K−1] PI Process Intensification 

�̇� Mass flow, [kg s−1] CAD Computer-Aided Design 

UA Heat transfer coefficient, [W m−2 K−1] CFD Computational Fluid Dynamics 

ℎ Heat transfer coefficients, [W m−2 K−1] PDEs Partial Differential Equations 

𝑎𝑣 Specific particle surface area, [m−1] LHHW Langmuir-Hinshelwood-Hougen-Watson 

𝑘 Reaction rate constant, [mol bar−1s−1 gcat
−1] GHSV Gas Hourly Space Velocity 

𝐾𝑒𝑞 Equilibrium constant, [bar−2] FEM Finite Element Method 

𝐾.X Adsorption rate constant, [bar−0.5]   

Ʀ Universal gas constant, [various] Greek letters 

𝐸𝐴 Activation energy, [kJ mol−1] Ω Mathematical domain, [−] 

X Chemical conversion, [1] ∂Ω Domain boundaries, [−] 

𝑉 Reactor volume, [m3] Γ Boundary part, [−] 

𝐴 Area, [m2] 𝜌 Density, [kg m−3]  

𝐿 Reactor length, [m] 𝜆 Thermal conductivity, [W m−1 K−1] 

W Width, [m] Θ Void fraction, [1] 

H Height, [m] 𝜇 Fluid dynamic viscosity, [Pa s] 

F Flow rate velocity (magnitude), [m s-1] ε Catalyst bed porosity, [1] 

N Number of channels per stacked-plate, [−] Δ𝑅𝐻 Reaction enthalpy, [kJ mol−1] 

𝑓 Geometric parameter fraction, [1] ∆𝐻X Adsorption enthalpy, [kJ mol−1]   

  𝛾 Heat transport coefficient, [W m−2 K−1] 

Superscripts κ Heat transport coefficient, [W m−1 K−1] 

m Mixture δ Domain thickness, [m] 

eff Effective 𝜂 Effectiveness factor, [1] 

T Transpose operator 𝜎 Relative standard deviation, [1] 

int Intrinsic    

    

[−] refers to without units and [1] to dimensionless. 
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4. CONCLUDING REMARKS 

This manuscript addressed the CO2 methanation in the carbon capture and utilisation context from 

the reaction technologies standpoint.  

 

Firstly, the subject of dynamic hot spot formation in fixed bed reactors, used on an industrial scale, 

was discussed based on a parametric sensitivity study. This analysis made it easier to comprehend 

the remaining obstacles to be overcome to improve the power-to-methane model's competitiveness 

in the energy market. Secondly, the conceptual design of a heat-exchanger wall-coated reactor was 

proposed following a process intensification strategy. Computational fluid dynamics simulations 

assisted the design. It was possible to define the reacting channel dimensions, offering the best 

performance in terms of CO2 conversion and SNG throughput. The effect of multiple geometric 

parameters of the plate manifold on flow distribution was also analysed. Finally, it was established 

that the reactor does not present a hysteresis behaviour after a preliminary dynamic test.  

 

All the reported resulted from the numerical analysis of phenomenological transient/stationary 

models, using the finite element method through commercial and open-source software, such as 

COMSOL Multiphysics® and the FEniCS Project, respectively. 

 

 

5. FUTURE WORK 

The use of computational tools based on open-source software allows greater flexibility for 

numerical and computational implementation. This also provides a more extensive and successful 

learning curve over the typical black-boxes. Nevertheless, these alternatives must be strengthened 

to overcome some of their weaknesses concerning computational robustness in distinct scenarios. 

For instance, the application of FEniCS combined with the complementary python modules should 

be extended to problems in which distinct domain and phenomenological equations need to be 

coupled and solved.  

 

Moreover, the proposed design of an intensified reactor for SNG production should be further 

developed. On the one hand, from a computational point of view, testing the system in a fully 

dynamic scenario that resembles the fluctuations to which PtM technologies are exposed in the 

industrial context. On the other hand, to experimentally validate the results of the computer-aided 

design. Without lab-scale validation, the conceptual design cannot be transformed into a prototype 

in which the intensification concept enhanced features can be exploited. The continuous 

improvement of PtM technologies must be pursued to fully integrate renewable energies with the 

energy grid in the future. 
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6. APPENDIX A:  Supplementary Material for: Proposal of an open-source computational 

toolbox for solving PDEs in the context of chemical reaction engineering  

using FEniCS and complementary components 
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A.1 Supplementary material – Case study 1 

 

The reader is encouraged to solve the first case study as a way of training in the application of the 

described computational toolbox. Accordingly, the supplementary material for this case study is 

intended to detail the information that was not placed in the main document, and that is required 

to replicate the discussed results. 

 
A.1.1 Parameters and physical properties 

The o-xylene oxidation to phthalic anhydride (Eq. (A.1)) can be considered irreversible with an 

excess of oxygen and which reaction rate is calculated via Eq. (A.2): 

C8H10 + 3O2 → C8H4O3 + 3H2O, (A.1) 

  

𝑟.𝑜𝑥𝑦
= exp (𝛼 −

𝛽

𝑇
)𝐶𝑎𝐶𝑏

(Ʀ𝑇)2

𝜍
 . (A.2) 

 

𝛼 and 𝛽 are kinetic parameters, and 𝜍 is a unit conversion factor. These and other parameters, such 

as coolant/reacting flow physical properties, reactor dimensions, and operating conditions, are 

stated in Table A-1. Note that the subscripts 𝑎 and 𝑏 refer to the reagents o–xylene and oxygen, 

respectively. 

 

Table A-1. Parameters for case study 1 (adapted from [1]). 

Parameter Value Parameter Value 

𝑝𝑎𝑓
 0.011[bar] 𝐷𝑒𝑓𝑓 0.01 [m2 s−1] 

𝑝𝑏𝑓
 0.211[bar] 𝜆𝑒𝑓𝑓  0.6 [W m−1 K−1] 

𝑇𝑓 625 [K] 𝝑 (0.0, ~0.88) [m s−1] 

R 0.0127 [m] 𝜌𝑔𝑎𝑠  1.293 [kg m−3] 

L 3 [m] Cp𝑔𝑎𝑠
 992 [J kg−1 K−1] 

V ~ 3x10−3 [m3]  𝜌𝑏 1300 [kg m−3] 

Δ𝑅𝐻.𝑜𝑥𝑦
 − 1284488 [J mol−1] 𝑇𝑐𝑜𝑜𝑙,.𝑓 625 [K] 

𝛼 19.837 [1] 𝐹𝑐𝑜𝑜𝑙 0.1 [kg s−1] 

𝛽 13636 [K] 𝜌𝑐𝑜𝑜𝑙 1000 [kg m−3]  

𝜍 3.60x1010 [mol J−1 m3 s−1] Cp𝑐𝑜𝑜𝑙
 4200 [J kg−1 K−1] 

𝜀 0.35 [1] 𝑈𝑤 96 [W m−2 K−1] 

 [1] refers to dimensionless. 
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A.1.2 Variational formulation 

The variational problem for the mathematical model used in the first case study is detailed in Table 

A-2. Unlike the second case study, this model considers Danckwert’s boundary conditions for the 

composition and temperature at the entrance of the reactor. Since these are Robin-type, they must 

be included in the formulation, and just as with the other case, the rest of boundary conditions 

(Dirichlet and natural Neuman) are vanishes in the formulation but fitted to the corresponding ∂Ω 

through FEniCS abstractions in the python program. The reader is encouraged to examine the 

FEniCS and ACM source codes committed to a public repository on GitHub (here).  

 

Table A-2. Variational formulation for governing Eqs. (2.4)-(2.5) tied down to boundary 

conditions described by Eqs. (2.7)-(2.8). 

 

Description 

 

Mathematical expression 

 

Eq. 

 

V.F. for the 

species mass 

transport 

equation   

Ϝ𝑖
𝑛+1(𝐶𝑖;  𝑣𝑖) = ∫ (

𝐶𝑖
𝑛+1 − 𝐶𝑖

𝑛

∆𝑡
)𝑣𝑖  𝑑𝑥 + (𝝑 ∙ ∇⃑⃑ 𝐶𝑖)

𝑛+1
𝑣𝑖  𝑑𝑥

Ω

  

− ∫ (𝑣𝑖,.𝑜𝑥𝑦
 𝜌𝑏  𝑟.𝑜𝑥𝑦

)
𝑛+1

𝑣𝑖  𝑑𝑥

Ω

+ ∫ (𝜀 𝐷𝑒𝑓𝑓  (∇⃑⃑ 𝐶𝑖 ∙ ∇⃑⃑ 𝑣𝑖))
𝑛+1

𝑑𝑥

Ω

 

+ ∮ 𝜗𝑧(𝐶𝑖 − 𝐶𝑖,.𝑓) 𝑣𝑖  𝑑𝑠

𝜕Ω

 

 

 

(A.3) 

 

V.F. for the 

energy 

transport 

equation   

Ϝ𝑇
𝑛+1(𝑇; 𝑣𝑇) = ∫(𝜌 Cp)𝑔𝑎𝑠

(
𝑇𝑛+1 − 𝑇𝑛

∆𝑡
) 𝑣𝑇 𝑑𝑥 + ∫(𝝑 ∙ ∇⃑⃑ 𝑇)

𝑛+1

Ω

𝑣𝑇  𝑑𝑥

Ω

  

+ ∫ 𝜌𝑏 (Δ𝑅𝐻.𝑜𝑥𝑦
 𝑟.𝑜𝑥𝑦

)
𝑛+1

 

Ω

𝑣𝑇  𝑑𝑥 + ∫ (𝜆.𝑒𝑓𝑓
(∇⃑⃑ 𝑇 ∙ ∇⃑⃑ 𝑣𝑇))

𝑛+1

𝑑𝑥

Ω

 

+ ∮(𝜌 Cp)𝑔𝑎𝑠
𝜗𝑧(𝑇 − 𝑇𝑓) 𝑣𝑇 𝑑𝑠𝑓

𝜕Ω

 − ∮ 𝑈𝑤(𝑇𝑐𝑜𝑜𝑙  −  𝑇) 𝑣𝑇  𝑑𝑠𝑤
𝜕Ω

 

 

 

(A.4) 

Global V.F. 

statement 
Ϝ𝑛+1(𝐶𝑖;  𝑇;  𝑣) = ∑Ϝ𝑖

𝑛+1(𝐶𝑖;  𝑣𝑖)

𝑖

+ Ϝ𝑇
𝑛+1(𝑇; 𝑣𝑇)     𝑖𝑛     Ω 

 

(A.5) 

V.F. refers to Variational Formulation 

 

 

 

 

 

 

https://github.com/mafigueredom/RxEngToolbox
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A.1.3 2-D interpolation graphs 

The fine triangular mesh generated by Gmsh-pygmsh and used for the FEniCS calculations was 

turned into a square mesh of the same dimensions as the ACM one (made of quadrilateral 

elements). This conversion enables to operate equivalent nodes from both meshes, for instance 

through Eq. (22) giving place to an absolute error as comparison criterion. Thus, a grid formed by 

quadrilateral elements was intersected with the triangular mesh, and the nodes were averaged 

within each square element. This approach is accurate if the averaged values within each element 

reflect a low coefficient of variation (CV), as indeed is represented in Figure A-1 with no CV 

above 1 %. 

 
Figure A-1. 2-D profile for the coefficient of variation of averaged values per quadrilateral 

element.  

 

Moreover, the resulted packed-bed thermal maps from both FEniCS and ACM computations are 

also presented as supplementary material and shown in Figure A-2 and Figure A-3, respectively. 

 
Figure A-2. Temperature profile of the packed-bed obtained by FEniCS. 



APPENDIX A: Supplementary Material for: Proposal of an open-source computational toolbox  

for solving PDEs in the context of chemical reaction engineering  

using FEniCS and complementary components 

 

_____________________________________________________________________________________

Design of an Intensified Reactor for the Synthetic Natural Gas Production            P a g e  91 | 112 

through Methanation in the Carbon Capture and Utilization Context.  

Santiago Ortiz Laverde (2020) 

 

 
Figure A-3. Temperature profile of the packed-bed obtained by ACM. 

 

 

A.2 Supplementary material – Case study 2 

This section provides complementary information for the second study case on SNG production 

through CO2 methanation.  

 

Table A-3. Dimensions used for the fixed-bed reactor (single tube), constant operating conditions 

in simulation and catalyst (NiAl(O)x) properties. 
 

Parameter Value 

R 0.01 [m] 

L 5 [m] 

𝜀 0.4 

𝑇𝑓 400 [K] 

𝑈𝑤 450  

𝜆𝑐𝑎𝑡 0.15 [W m−1 K−1] 

Cp𝑐𝑎𝑡
 1107 [J Kg−1 K−1] 

𝜌𝑐𝑎𝑡 2300 [Kg m−3] 

dp 0.002 [m] 

𝜍 1000 𝜌𝑐𝑎𝑡 [g m−3]  
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A.2.1 Reaction rate equations and parameters 

The conditions under which the employed rate model was parameterized were temperatures of 

453−613 K, and pressures between 1 and 15 bar (at stoichiometric and non-stoichiometric feeds). 

Table A-4 resumes kinetic, adsorption, and equilibrium temperature-dependent constants. The 

equilibrium expression is an empirical correlation [2], but could be alternatively calculated by the 

Shomate equation [3], based on the species enthalpies, entropies and data provided by NIST 

Chemistry WebBook.  

 

Table A-4. Temperature-dependent expression for rate model base on NiAl(O)x (see Koschany et 

al. (2016)). 

Temperature-dependent 

constants 

Mathematical expression Eq. 

 

Kinetic 𝑘x(𝑇)  =  𝑘.x,.𝑇𝑟𝑒𝑓
 𝑒𝑥𝑝 (

𝐸𝐴

Ʀ
(

1

𝑇.𝑟𝑒𝑓

−
1

𝑇
))   

 

(A.6) 

 

Adsorption 𝐾x(𝑇)  =  𝐾.x,.𝑇𝑟𝑒𝑓
 𝑒𝑥𝑝(

∆𝐻𝑥

Ʀ
(

1

𝑇.𝑟𝑒𝑓

−
1

𝑇
))   

 

(A.7) 

 

Equilibrium 𝐾𝑒𝑞(𝑇) = 137 𝑇−3.998𝑒𝑥𝑝 (
158.7 𝑘J mol−1

Ʀ 𝑇
) 

 

(A.8) 

 

Table A-5 lists the corresponding parametrization for equations in Table A-4. 

 

Table A-5. Parametrization for Koschany et al. (2016) catalytic rate equation (Tref  = 555 K ). 

Kinetic parameter Value 

𝑘.0,.T𝑟𝑒𝑓
 3.46e-4 [mol (bar s gcat)

−1] 

𝐸𝐴 77.5 [kJ mol−1] 

𝐾.𝑂𝐻,.𝑇𝑟𝑒𝑓
 0.50 [bar−0.5] 

∆𝐻𝑂𝐻 22.4 [kJ mol−1] 

𝐾.𝐻2,.𝑇𝑟𝑒𝑓
 0.44 [bar−0.5] 

∆𝐻𝐻2
 − 6.2 [kJ mol−1] 

𝐾.𝑚𝑖𝑥,.𝑇𝑟𝑒𝑓
 0.88 [bar−0.5] 

∆𝐻𝑚𝑖𝑥 − 10.0 [kJ mol−1] 
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A.2.2 Dispersion effective coefficients 

An approach proposed by Tsotsas and Schlünder (1988) was used to calculate the effective mass 

dispersion coefficient for each specie (𝐷.𝑖
.𝑒𝑓𝑓

) via Eq. (A.9), [4]. The mixture averaged diffusion 

coefficients (𝐷.𝑖
.𝑚) are calculated in Eq. (A.10) according to Kee et. al. (2004) [5], and the binary 

diffusion coefficients through the theoretical-empirical expression introduced by Fuller et al. 

(1966) via Eq. (A.11), [6].  

 

𝐷.𝑖
.𝑒𝑓𝑓

= (1 − √1 − 𝜀) 𝐷.𝑖
.𝑚 +

dp 𝜗𝑧

8
 (A.9) 

𝐷.𝑖
.𝑚 = 

𝐶𝑔𝑎𝑠 − 𝐶𝑖

∑  
𝐶𝑘

𝐷𝑖,𝑘
𝑘≠𝑖

 
(A.10) 

𝐷𝑖,𝑘 =

10−7𝑇1.75√103 (1 𝑀𝑖
ൗ + 1

𝑀𝐾
ൗ )

(
𝑝

1.01325ൗ ) [√𝜔𝑖
3 + √𝜔𝑘

3  ]
2  (A.11) 

 

For the calculation of the effective heat dispersion coefficient, a model published by Bauer and 

Schlunder (1978a, 1978b) was employed [7], [8]. This approach combines the influence of the 

axial convective transport, radiation, and actual conduction, as follows: 

 

𝜆.𝑒𝑓𝑓
= 𝜆𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 + 𝜆𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛,.𝑟𝑎𝑑𝑖𝑎𝑡𝑖𝑜𝑛 (A.12) 

  

𝜆𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 =
𝜌𝑔𝑎𝑠 𝜗𝑧  Cp𝑔𝑎𝑠

1.15 dp

8 [2 − (1 −
dp

R
ൗ )

2

]

 
(A.13) 

  

𝜆𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛,.𝑟𝑎𝑑𝑖𝑎𝑡𝑖𝑜𝑛 = (1 − √1 − 𝜀)(𝜆𝑔𝑎𝑠 + 𝜀 𝜆𝑟𝑎𝑑𝑖𝑎𝑡𝑖𝑜𝑛) + λrs√1 − 𝜀  (A.14) 

  

𝜆𝑟𝑎𝑑𝑖𝑎𝑡𝑖𝑜𝑛 = 2.27 ∙ 10−7
𝑒𝑐𝑎𝑡

2 − 𝑒𝑐𝑎𝑡
 𝑇3 dp (A.15) 

 

Further details on the computation of the parameter λrs and the gas mixture conductivity (𝜆𝑔𝑎𝑠) 

may be found in [9] and [10]. The emissivity of the catalyst pellets (𝑒𝑐𝑎𝑡) was assumed to be 0.4.  
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A.2.3 Complementary figures 

The following (Figure A-4 to Figure A-6) are complementary plots for the parametric sensitivity 

analysis discussed in the manuscript. An increase in the H2:CO2 molar ratio enhances the thermal 

conductivity of the gas mixture as well as its specific heat capacity, see Figure A-4. At first sight, 

it should raise the effective conductivity of the system judging by Eqs. (A.13)-(A.14). 

Nevertheless, the effective conductivity drops, as shown in Figure A-5. This decline is due to a 

more significant influence of the gas mixture density, which has a directly proportional effect on 

the contribution by convective transport, as stated in Eq. (A.13). 

 
Figure A-4. Density and conductivity of the gas mixture as a function of the feed molar ratio (at 

400 K and 5 bar). 
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Figure A-5. Effective reaction rate and conductivity as a function of the feed molar ratio (at 400 

K and 5 bar). 

 

 
Figure A-6. Effective reaction rate as a function of pressure (at 400 K and H2/CO2 molar ratio of 

4) 
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APPENDIX B: Supplementary Material for:  CFD-aided conceptual design of an intensified 

reactor for the production of synthetic natural gas within the power-to-methane context
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B.1 Wall-coated layer, catalyst and coolant properties  

The parameters used in the mathematical model regarding the catalyst and coolant transport 

properties plus, the porosity for the case of the catalytic layer are given in the Table B-1. 

 

Table B-1. Summary of catalyst, coolant and wall-coated properties. 

Parameter Value Unit 

𝜆𝑐𝑎𝑡 3.6 W m–1 K–1 

𝜌𝑐𝑎𝑡 2350 kg m–3 

ε 0.5  

𝜆𝑠𝑠 18 W m–1 K–1 

𝜌𝑐𝑜𝑜𝑙 858 kg m–3 

𝐶𝑝,.𝑐𝑜𝑜𝑙 2520 J kg–1 K–1 

𝜆𝑐𝑜𝑜𝑙 0.096 W m–1 K–1 

𝜇𝑐𝑜𝑜𝑙 0.43E–3 Pa s 

 

B.2 Heat transfer coefficients calculation 

Below is the procedure for the calculation of the respective heat transfer coefficients affiliated to 

the multiplicity of regions involved in the reactor. Specific particle surface area, and mass and 

heat-transfer coefficients are calculated by the correlations of Wakao and coworkers [11]. Heat 

capacities, heat conductivities and viscosities of the pure components are calculated as given in 

the VDI-Heat Atlas [12]. The latter are also averaged according to the Wilke mixing rule. The 

catalyst and coolant properties are summarized in Table B-1. 

𝑎𝑣 = 6
1 − ε

𝑑𝑝
 (B.1) 

𝑘𝐶𝑂2
=

𝐷CO2

m

𝑑𝑝
[2 + 1.1 (

𝜇𝑔𝑎𝑠

𝜌𝑔𝑎𝑠𝐷CO2

m )

1
3ൗ

(
Ff 𝜌𝑔𝑎𝑠 𝑑𝑝

𝜇𝑔𝑎𝑠
)

0.6

] (B.2) 

ℎ =
𝜆𝑔𝑎𝑠

𝑑𝑝
[2 + 1.1 (

𝐶𝑝,.𝑔𝑎𝑠 𝜇𝑔𝑎𝑠

𝜆𝑔𝑎𝑠
)

1
3ൗ

(
Ff 𝜌𝑔𝑎𝑠  𝑑𝑝

𝜇𝑔𝑎𝑠
)

0.6

] (B.3) 

 

𝜶𝒘-Model: Calculation of the heat transfer coefficient at the catalytic layer. 

𝑃𝑟 =
𝐶𝑝,.𝑔𝑎𝑠 𝜇𝑔𝑎𝑠

𝜆𝑔𝑎𝑠
,       𝑅𝑒 =

𝜌𝑔𝑎𝑠 F 𝑑𝑝

𝜇𝑔𝑎𝑠
 (B.4) 

𝜆𝑏𝑒𝑑

𝜆𝑔𝑎𝑠
= 1 + √1 − ε(𝜅𝑐 − 1) (B.5) 
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𝜅𝑝 =
𝜆𝑐𝑎𝑡

𝜆𝑔𝑎𝑠
,       𝐵 = 1.25 (

1 − ε

ε
)

10
9ൗ

,      𝑁 = 1 −
𝐵

𝜅𝑝
 (B.6) 

𝜅𝑐 =
2

𝑁
(

𝐵

𝑁2

𝜅𝑝 − 1

𝜅𝑝
ln (

𝜅𝑝

𝐵
) −

𝐵 + 1

2
−

𝐵 − 1

𝑁
) (B.7) 

𝑁𝑢 = (1.3 +
5 𝑑𝑝

δ𝑐𝑎𝑡
)
𝜆𝑏𝑒𝑑

𝜆𝑔𝑎𝑠
+ 0.19𝑅𝑒0.75𝑃𝑟0.33 (B.8) 

𝛾𝑤 =
𝑁𝑢 𝜆𝑔𝑎𝑠

𝑑𝑝
 (B.9) 

 

𝜸𝒇𝒍𝒖𝒊𝒅-model: Calculation of the heat transfer coefficient for the coolant or reacting free flow. 

𝝋 = cool/free (B.10) 

𝑑ℎ,.cool = 2 H𝑚𝑐     𝑑ℎ,.free = 2 (H𝑚𝑐 − δ𝑐𝑎𝑡) (B.11) 

𝛾𝝋 =
𝑁𝑢𝑚 𝜆𝑔𝑎𝑠,.𝝋

𝑑ℎ,.𝝋
,        𝑃𝑟 =

𝐶𝑝,.𝑔𝑎𝑠,.𝝋 𝜇𝑔𝑎𝑠,.𝝋

𝜆𝑔𝑎𝑠,.𝝋
,       𝑅𝑒 =

𝜌𝑔𝑎𝑠,.𝝋 F𝑔𝑎𝑠,.𝝋 𝑑ℎ,.𝝋

𝜇𝑔𝑎𝑠,.𝝋
 (B.12) 

 

The Nusselt number is estimated for the coolant fluid, assuming fully hydrodynamic and thermal 

developed conditions, given by Eq. (B.15). Furthermore, The Nusselt number is estimated for the 

reacting free flow assuming a laminar hydrodynamic and thermal development flow, given by Eq. 

(B.16).  

 

𝑁𝑢1 = 7.541 (B.13) 

𝑁𝑢2 = 1.841√
𝑅𝑒 Pr𝑑ℎ,.𝝋

𝐿

3

 (B.14) 

𝑁𝑢𝑚 = (𝑁𝑢1
3 + 𝑁𝑢2

3)
1

3ൗ  (B.15) 

𝑁𝑢𝑚 = 7.55 +
0.024 (

𝑅𝑒 Pr 𝑑ℎ,.𝝋

𝐿 )
1.14

1 + 0.0358 (
𝑅𝑒 Pr 𝑑ℎ,.𝝋

𝐿 )
0.64

 𝑃𝑟0.17

 (B.16) 

 

𝛋𝒘𝒂𝒍𝒍-model: Calculation of the heat transfer coefficient at the reactor wall (ss = stainless steel). 

κ𝑤𝑎𝑙𝑙 = (
1

𝜆𝑠𝑠
𝑙𝑛 (

H𝑚𝑐

2 + δ𝑤𝑎𝑙𝑙

H𝑚𝑐

2

))

−1

 (B.17) 
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B.3 Catalyst diffusion limitations 

The predominant resistance is the diffusion from the fluid bulk towards the porous medium as a 

function of the wall-coated layer thickness and is expressed through the dispersion coefficient in 

Table 3-1. However, there might be intraparticle transport resistances that depends mainly on the 

particle size as described by the well-known Weisz-Prater, Anderson, and Mears criteria, 

summarised in Table B-2.  

 

Table B-2. Criteria for intraparticle transport resistances. 

Description Mathematical expression Eq. 

Intraparticle mass transport — 

Weisz-Prater criterion 

reff 𝑑𝑝
2

4 CCO2
 𝐷CO2

eff
< 1 (B.18) 

Intraparticle heat transport — 

Anderson criterion 

reff ȁΔ𝑅𝐻ȁ 𝑑𝑝
2

4 𝜆eff 𝑇
<

0.75 Ʀ 𝑇

𝐸𝐴
 (B.19) 

External mass transport — Mears 

criterion 

reff 

ℎCO2
 CCO2

 𝑎𝑣
< 0.05 (B.20) 

External heat transport — Mears 

criterion 

reff ȁΔ𝑅𝐻ȁ 

ℎ 𝑇 𝑎𝑣
<

0.05 Ʀ 𝑇

𝐸𝐴
 (B.21) 

 

The particle size was evaluated from 5 to 50 μm, a range in which, as shown in Figure B-1 and 

Figure B-2, there are no significant mass and heat transport resistances. Therefore, the intraparticle 

constraints can be negligible.   

 

 
Figure B-1. Mass-transport resistances as function of the particle diameter. 
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Figure B-2. Heat-transport resistances as function of the particle diameter. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



APPENDIX B: Supplementary Material for: CFD-aided conceptual design of an intensified reactor for 

the production of synthetic natural gas within the power-to-methane context  

 

_____________________________________________________________________________________

Design of an Intensified Reactor for the Synthetic Natural Gas Production          P a g e  101 | 112 

through Methanation in the Carbon Capture and Utilization Context.  

Santiago Ortiz Laverde (2020) 

References – Appendix 

[1] M. Oh and C. C. Pantelides, “A modelling and simulation language for combined lumped 

and distributed parameter systems,” Comput. Chem. Eng., vol. 20, no. 6–7, pp. 611–633, 

Jun. 1996. 

[2] L. M. Aparicio, “Transient isotopic studies and microkinetic modeling of methane 

reforming over nickel catalysts,” J. Catal., vol. 165, no. 2, pp. 262–274, 1997. 

[3] F. Koschany, D. Schlereth, and O. Hinrichsen, “On the kinetics of the methanation of 

carbon dioxide on coprecipitated NiAl(O)<inf>x</inf>,” Appl. Catal. B Environ., vol. 

181, pp. 504–516, 2016. 

[4] E. Tsotsas and E. U. Schlünder, “On axial dispersion in packed beds with fluid flow,” 

Chem. Eng. Process. Process Intensif., vol. 24, no. 1, pp. 15–31, 1988. 

[5] R. J. Kee, M. E. Coltrin, and P. Glarborg, “Molecular Transport,” in Chemically Reacting 

Flow, Hoboken, NJ, USA: John Wiley & Sons, Inc., 2005, pp. 487–539. 

[6] E. N. Fuller, P. D. Schettler, and J. C. Giddings, “A new method for prediction of binary 

gas-phase diffusion coefficients,” Ind. Eng. Chem., vol. 58, no. 5, pp. 18–27, May 1966. 

[7] R. Bauer and E. U. Schlunder, “Effective radial thermal conductivity of packing in gas 

flow. Part I. convective transport coefficient,” Int. Chem. Eng., vol. 18, no. 2, pp. 181–

188, 1978. 

[8] R. Bauer and E. U. Schlunder, “Effective radial thermal-conductivity of packings in gas-

flow. Part II. Thermal-conductivity of packing fraction without gas-flow,” Int. Chem. 

Eng., vol. 18, no. 2, pp. 189–204, 1978. 

[9] E. Esche, “Optimal Operation of a Membrane Reactor Network,” 2011. 

[10] J. Bremer, K. H. G. Rätze, and K. Sundmacher, “CO 2 methanation: Optimal start-up 

control of a fixed-bed reactor for power-to-gas applications,” AIChE J., vol. 63, no. 1, pp. 

23–31, Jan. 2017. 

[11] N. Wakao and T. Funazkri, “Effect of fluid dispersion coefficients on particle-to-fluid 

mass transfer coefficients in packed beds,” Chem. Eng. Sci., vol. 33, no. 10, pp. 1375–

1384, 1978. 

[12] VDI, VDI Heat Atlas. Berlin, Heidelberg: Springer Berlin Heidelberg, 2010. 

 


